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Abstract—The main result of the paper is an analog of the surface layer theorem for measures
given on a locally convex space with a continuously and densely embedded Hilbert subspace (for
a surface of finite codimension). Earlier, the surface layer theorem was proved only for Banach
spaces: for surfaces of codimension 1 by Uglanov (1979) and for surfaces of an arbitrary finite
codimension by Yakhlakov (1990). In these works, the definition of the surface layer and the
proof of the theorem essentially use the fact that the original space is equipped with a norm.
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The main result of this paper is to obtain an analog of the surface layer theorem for a measure
given on a locally convex space with continuously and densely embedded Hilbert subspace (for
a surface of finite codimension). Earlier, the surface layer theorem was proved only for Banach
spaces: in [1] and [2] for surfaces of codimension 1 and in [3] for surfaces of a finite codimension.
In these works, the definition of the surface layer and the proof of the theorem essentially use the
fact that the original space is equipped with a norm.

In [4] the approach related to the approximation of a surface (Wiener) measure by normed
measures of neighborhoods of the surface (the surface layers) was successfully used for surfaces of
infinite codimension.

1. DEFINITIONS AND AUXILIARY RESULTS

In what follows, all vector spaces are considered over the field of real numbers. All topological
spaces are Hausdorff spaces. Throughout the paper, F is a locally convex space, E’ is its dual, H
is a vector subspace of the space E endowed with Hilbert space structure with respect to the inner
product (-, -) (the corresponding norm is denoted by || - ||), and H’ is its dual. In this case H
is dense in E, the identical embedding of H in E is continuous, and L(-, -) is the space of
continuous linear operators.

Since H is dense in F, the mapping E’ — H’ determined by the restriction of continuous
linear functionals on E to the subspace H (adjoint to the embedding of H in FE) is injective. We
identify H’ with H by the Riesz theorem and denote the corresponding mapping E' — H by jp .

By R, we denote the finite-dimensional subspace generated by a system a = {ay,...,a,} of
linearly independent vectors from H. We show that there is an isometry between R, and R" if

we assume that a

t; LEPEN t;, t; € R.
[lai
In this sense (if the system of vectors a is fixed), we identify R, with R"™.
Throughout the paper, the differentiability of a function means its differentiability in the sense

of Fréchet [5].
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Definition 1. Suppose that Dp C F is a domain and F' = (Fy, ..., F,): Dp — R™ is a con-
tinuous function with the derivative F’: Dp — H'™ = H™ along the subspace H. Suppose also
that

S (z e Dp: Flz) =0}

and, at each point x € S, the system of vectors {F{(z), ..., F,(x)} is linearly independent in H .
The n-dimensional space spanned by these vectors is called the subspace normal to S at the
point x.

Suppose that the set S satisfies the assumptions of Definition 1, n°(z) is the system of or-
thonormal vectors {nf(z),...,n5(x)} obtained from the system {Fj(z),..., F!(z)} by Schmidt

orthogonalization. Suppose also that By(e) = {z € R,s(,) : ||z|| < e} is a ball in the normal
space R,s(y). For an arbitrary subset B C S and each € > 0, we define the set

B*={x+v:z € B, ve B,(e)}.

Definition 2. A set G C E is called a surface! if it satisfies Conditions 1-3 given below.

Condition 1. The set G is the graph of a continuous function f defined on a convex domain U
of a closed subspace Tj of codimension n of the space F and ranging in the space R, where

b = {by,...,b,} is the system of orthonormal vectors in H orthogonal in H to the subspace

HbdéfTbﬂH.

By the symbol P, we denote the projection operator on the subspace T} along the subspace Rj .

Remark 1. The subspace Hj is everywhere dense in the space T} and is a closed subspace of
codimension n of the space H.

Remark 2. Because of the isomorphism
n
TbXRn—)Ev (xv(tlaatn))Hx+thfl($)a
i=1

in what follows (where it is convenient and cannot lead to a misunderstanding), we identify the
spaces F and T, x R™; in this case we assume that the function f ranges in R” and sometimes
write f in the form (f1,..., fn), where f;: U4 — R. Similarly, we identify the functions defined
on FE and the corresponding functions defined on T, x R™ (in a natural way, using the above
isomorphism).

Condition 2. The function f has continuous
first-order derivative f': U — H'y = HJ;
second-order derivative f”:U — L(Hy, H))" = L(Hy, Hp)";
third-order derivative f"':U — L(Hy, L(Hy, Hy))" = L(H,y, L(Hy, Hp))"

along the subspace H , and there exists a constant K, > 0 such that for all z €/ and 0 <i < n
the following estimates hold:

1@ < Ky, W @, ) < Kpoo A" @ e, e, m)) < Ky,

where || - || z(m,, 1, and || - || za,,2(H,, H,)) are operator norms on the corresponding spaces.

I'This definition of surface does not coincide with the definition given in [1, 2, 6], where the notion of surface
is understood as a more general object. Hence we can apply the results of [1, 2, 6] to our surfaces (and, in what
follows, we shall do this without giving any references).
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APPROXIMATION OF SURFACE MEASURES 553
Remark 3. The set G can be represented in the form
G={(x,v) el xR": ®(z,v) =0},
where the function @ is defined as follows:
O: U xR" — R, (z,v) —v— f(x).

The function ¢ is differentiable along the subspace H (because the function f is differentiable
along Hp), and the system of vectors

O (x,v) ={®(x,t1),..., P (v, t,)},

where ®/: U xR — H' = H, v = (t1,...,ty), is linearly independent at each point (x,v) €
U x R™. Indeed, let {e,}52; be an orthonormal basis in H, and let e; = b; for all 0 < i < n.
Then

o0

=D (@ (@ t), en)er = bi— Y (fi(x), ex)er = b; — f(x)

k=1 k=2

for all 0 <14 <n. Since for all € U, the vectors f/(z) belong to the space Hj, which is orthogonal
to Ry, the system of vectors ®'(x,v) is linearly independent because of the orthogonality of the
system of vectors b. Hence the system of vectors n%(x, v) is defined at each point (z,v) € G. We
show that for the system n®(z, v) the set det{(b;, n]G(:L", v))} is bounded away from zero by some
constant o > 0. Indeed, let {Ni(x,v),..., Ny(z,v)} be the system of vectors obtained from the
system ®'(z,v) by Schmidt orthogonalization. It is easy to see that

det(i, o)) = (TT NG 0l )

i=1

But, by Condition 2, the values of ||N;(z, v)|| are bounded on U x R™.

Remark 4. Since there exists a bijection
gr:U — G, xr—>x+2fi(x)bl

of the domain U onto the set GG, in what follows, we assume that the domain I/ is the domain
of definition of the mapping n® and, instead of n%(x, v), where (x,v) € G, simply write n%(z),
where we assumed that x € U .

Condition 3. Let v = (t1,...,t,) € R", and let B(e) = {v € R" : ||v|| < €}. There exists an
ep > 0 such that the mapping gy can be extended to a one-to-one mapping (onto the image)

©: U x B(ey) — E, (z,v) — gf(z —|—Ztn G® = p(U x B(ep)) C E,

1

such that the inverse mapping ¥ = ¢~ " is continuous on G®°.

In what follows, for simplicity, we perform all the proofs for surfaces of codimension 1, although
the statements themselves hold for surfaces of any arbitrary finite codimension.
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Lemma 1. For all z € U, we have (n)'(x) € L(Hy, H)" and (n%)"(x) € L(H,, L(Hy, H))",
and there exists a constant K, > 0 such that the estimates

(&Y @) ey, my < Kny N0 @), 20, my) < Kn (1)

hold for all 0 <7 <mn.

Proof. Differentiating the relation

b— f'(x)
VI @)

along an arbitrary direction h € H}, we obtain

oy F@ D@ @) b
Y @h = ™ G @B ®

n%(x) =

This and Condition 2 imply the inclusion (n%)'(x) € L(Hy, H), and relation (2) implies the
estimate

1) @< (I @I+ DI @I L @I+ 17 @) < (K + DEF + K.

Differentiating (2) along an arbitrary vector hy € Hp and again taking into account Condition 2,
we obtain the second estimate in (1). O

Lemma 2. Suppose that X and X1 are locally convex spaces, X1 C X is continuously embedded,
and the mapping V: X D D(V) — X has the derivative V': D(V) — L(X7, X1) (with respect
to Xy). Suppose that for the curve v: [0, 1] — D(¥) the derivative (dy/dt)(to) in the topology of
the space X1 exists at some point tg € [0, 1]. Then at the point ty the composite function W o~y
has a derivative, and

FeNO| =) o)

Remark 5. The fact that the derivative (dvy/dt)(to) exists in the topology of the space X; means
that, for all ¢ in some neighborhood of the point ¢y, we have v(t) — v(to) € X; and the limit

i—to t—to t

exists in the topology of the space X .
Proof. The proof of Lemma 2 is obvious. [

Lemma 3. The mapping ¢ is continuous on U x B(ep) and possesses the first-order derivative
¢t U x B(ey) — L(H,E) and the second-order derivative ¢": U x B(ey) — L(H,L(H,E))
along the subspace H; moreover, ¢ ranges in the space L(H,H), ¢" ranges in the space
L(H,L(H,H)), and there exists a constant K, > 0 such that

" (@)l 2, oy < Ko, " (@) e, oo, my) < Ky

for all x € U x B(ep).
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Proof. The mapping ¢ is continuous by its definition (Condition 3) and by the fact the map-
ping n® is continuous. Let us verify the differentiability. If (z,t) € U x (—&p,¢3), h € H, and
7 € R, then
o(z +tb+7h) = p(x + 7Ph + (t + 7(h, b))b)
=z 4 7Ph+ f(x 4+ 7Ph)b+ (t + 7(b, h))n® (x + TP,h).

Calculating the derivative of this expression with respect to 7 at the point 7 = 0 and using
Lemmas 2 and 1, we obtain

¢ (z,t)h = %f = Pyh+ (f'(x), Pyh)b + (b, h)n%(z) + t(n®) (z)Pyh
=0
= (f'(z) = b, h)b+ (b, h)n%(z) + h + t(n%)' (x) Pyh. (3)

By Lemma 1, we have (n%)'(x) € L(Hy, H) and hence ¢'(x,t) € L(H, H). Differentiating
relation (3) and again taking Lemma 1 into account, we obtain ¢”(x,t) € L(H, L(H, H)). The
boundedness of the derivatives ¢’ and ¢” follows from Condition 2 and Lemma 1. The proof of
the lemma is complete. [

Lemma 4. There exists an €, < &, such that the mapping  has the first-order derivative
V' G — L(H, H) and the second-order derivative " : G — L(H,L(H, H)) along the sub-
space H , and there exists a constant Ky such that, for all x € GEL,

" (@) 2o,y < Ky, 0" @) 2o, com, my) < Ky

In what follows, we omit the subscripts on the norms || - |2z, 5y and || - || 2(m,20H, 7)) -

Proof. For w € U x (—¢yp, €p), we define the function
ot U X (—2p,2) —w) NH = H,  us plw+ 1) — ()
Similarly, for each w € G**, we define the function
Vo: G*NH — H, u = P(w+ u) — P(w).
We choose an arbitrary point wg € G*. A straightforward verification shows that

Pp(wo) (d&uo (U)) = Uu.

We denote 1(wg) by the symbol wy and consider the equation ¢,,,(v) = u. Next, we show that,
for some €} < &, the point wy € Geb satisfies all the assumptions of the theorem stating that the
inverse function v, is differentiable at the point uw = 0 [7]. Indeed, for all w € U x (—&p, €p),
we have (@) (v) = ¢'(w+v) € L(H,H), and (py)" is a continuous function on its domain
of definition, since it is differentiable on this domain. Then we find an ¢ < ¢, such that for
w e U x (—e;, €p) the operator (¢,,)'(0) is invertible. First, we assume that w € U. We write w
as w = (z,0), where € Y. By Lemma 3, we have (p,) = ¢'(z,0) € L(H, H). Let us show
that ¢'(x,0) is a bijection, which, by the Banach theorem on the inverse operator, implies the
existence of (¢'(x,0))"! € L(H, H). For h € H, it follows from the proof of Lemma 3 that

o' (z,0)h = (f'(z) = b, R)b+ (b, )n®(x) + h = (K + I)h,

where K = (f'(x)—b, h)b+(b, h)n®(z) is a finite-dimensional operator such that ker(K+1) = {0}.
Indeed, each vector h € ker(K + I) can be written as h = —Kh, and hence h € Im K. Therefore,
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in the case in which the vectors b and n%(x) are linearly independent, there exist o € R and
(€ R such that h = ab+ #n%(x). Substituting this expression in the equation

(K+1)h =0 (4)
and taking into account the fact that

b—f'(x)
VIHIF @I

we obtain the following two equations for the numbers a and g:

—BVLH[f @) =0,  a+B(1+(b,n%())) =0.

Obviously, this system has only a trivial solution, and hence h = 0. If the vectors b and n%(z)
are linearly dependent, then it is easy to see that b = n%(x). In this case the solution of Eq. (4)
has the form h = ab, where a € R. Substituting this expression in (4), we again obtain h = 0.
Hence, by the Fredholm theorem, the operator K + I (= ¢'(x,0)) is invertible. Thus, for all
w € U, the operator (¢.,)'(0) = ¢’(w) is invertible and, by the theorem on the differentiability of
the inverse function [7], for all w € G, we have

n%(x) =

-1

V(W) = (1) (0) = ((w)'(0))

Further, let us show that ¢'(w) (as a function of w) is bounded on G with respect to the norm
of the space L(H, H). For w € G, we shall find the explicit form of the operator ¢’(w). To this
end, we set w = (z, f(x)) and, for all h’ € H, we solve the equation

€ L(H,H), w = P(w).

(f'(x) —b,R)b+ (b, )nS(z)+h=H (5)

with respect to h. First, we consider the case where b # n®(z) (which means that the vectors b
and n%(z) are linearly independent). Taking into account the relation

h=h —(f'(x) —b,h)b— (b, h)n®(x),

we seek h in the form h = h/ 4 ab+ nC(z). Substituting this in Eq. (5), we obtain the following
expressions for a and G:

:—(f’(x)—b,h') a=—-3—(b,n nC(z)).
RS Yo e g bt )

Using these relations and the fact that the solution is unique, we obtain the following estimate for
P (w): ;
[ (W)h'|| = (|1 + ab+ Bn® (@) < || + |af +[8]-

Then we can write

1/ (2) — b

Al <
7 L[/ ()]

I =101 lal <218+ [[2]] < 3[R

Hence ||9'(w)|| < 5 for all w € G'. Now we assume that b = n%(x). We seek the solution of Eq. (5)
in the form h = h’ 4+ ab. Substituting this expression in Eq. (5), we obtain o« = —(f'(x), h’).
Hence [|¢'(w)]| <1+ Ky.
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Next, we rewrite the expression for ¢'(z,t), where x € U and t € (—&p, €p) (see the proof of
Lemma 3) as follows:

¢ (z,t)h = (f'(z) — b, Wb+ (b, B)n® () + h + t(n®) (2) Pyh = Agh + AAh,
where Ay = ¢/'(z,0) and AA; = t(n%)'(x)P,. Lemma 1 implies the estimate
IAA] < [I(n®) (2)1t < Knt;
hence there exists a to > 0 such that, for all ¢ € (—tg, to),

1
AA < == 6
184 < 5. 0
where K = max{5, K; + 1}. Hence we have |AA;|| < ||4A;"|~". By the theorem on the
invertibility of perturbed operators, the operator (Ag + AA;)~t € L(H, H) exists for all ¢t €
(—to, to). We assume that the value of ¢} is equal to the value of t;. Again applying the theorem
on the differentiability of the inverse function, we obtain

W) = (1) (0) = ((pu) (0)) ' € LIH, H),  w=1(w)

for all w € G&. Next, we have

(Ag + AA) = (T+ AP AA)TA = At + (Z(l)”(AolAAt)”>A01.

n=1

Hence, by (6), we obtain

- - > - n n - - 1 n
40+ 2407 < 145 1+ (3 145 Pl )14 < & (14 30 (3)") =2k

n=1 n=1

In other words, the estimate [|¢(w)| < 2K holds for all w € G

Now we show that the function (1))’ is differentiable (recall that wy is fixed and wy = ¥ (wyo)).
Since the function (¢,,,)" is differentiable (on (U x (—¢},, €;,) —wo) N H ), this function is continuous.
The operator function

L(H,H)— L(H,H), A AT
is also continuous at any point A # 0. Since (@)’ is different from zero on (U x (—¢}, ;) —wo)NH

invertibility), the function (v, )" is continuous on Geb — wo) N H as a composition of continuous
Y) 0 p
functions. Taking this fact into account, we obtain

()b = (o) (O)h = Tim Pen) (1) = (e )(0)

t—0 t

i Beo) (ER) (2w ) () — (Puo)"(0)) (¥ ) (0)

t—0 t

= —(Yw) (0)(Vu) (¥ ) (0) = =1 (wo) " (¥ (wo) )1t (wo),  h € H.

For all w € G , this implies the estimate

" @)l < 9" (@)IPlle" (W)l < K*K,. =

Without loss of generality, from now on we assume that ¢ = ¢y,
In the sequel, we need the following theorem.

MATHEMATICAL NOTES Vol. 72 No. 4 2002



558 E. YU. SHAMAROVA

Theorem 1. Suppose that Dp C E is a domain and F: Dp — R™ is a continuous function
with the continuous derivative F': Dp — H'™ = H™ along the subspace H. Let S = {w € Dp :
F(w) = 0}, and let the system of vectors F'(w) be linearly independent at each point w € S.
Suppose also that Ty is a closed subspace of codimension n of the space E, b = {b1,...,b,}
is an orthonormal system of vectors from jp(E’) such that the subspace Ry is orthogonal in H
to the subspace H, = Ty, N H, and det{(n7(w),b;)} > 0 for all w € S (here the system of
vectors n°(w) is obtained from F'(w) by Schmidt orthogonalization and normalization, and, as
above, we identify the space E with the space Ty X R™ by using the isomorphism Ty X R — F,
(ac, (tl, ey tn)> — X+ Z?:l tzbl) Then
1) there exists an open (in Ty) set V C T, and a continuous function g: V — R™ such that
F(z,g(x)) =0 forall x € V;
2) if the function F has all derivatives of order k > 2 along the subspace H , then the
function g also has all derivatives of order k > 2 along Hy;
3) moreover, if there exist constants A >0, o >0, and C > 0 such that

IF/ @) > IFwl<C,  FWl<C,  det{(bi,n}(w))} >0

for all w € S and for all 0 < i < n, then there exists a constant Cy > 0 such that
llgi(z)|| < Cy and ||g) ()| < Cy for all z €V and for all 0 <i<n.

Proof. Assertion 1) holds by virtue of the implicit function theorem [7]. Indeed, the continuous
partial derivative (0/0t)F(z,t) exists at each point (z,t) € Dp; this derivative is different from
zero at each point (z,t) € S, because

gtF(a;, t) = F'(x + tb)b = |F'(x + tb)||(n(z + tb), b) > 0.

Next, we fix an arbitrary point w = (z¢, g(xp)) € S, where zy € V, and define the functions

F,: (D —w)NH — R, ur— F(w+u),
9uo: V — o) N Hy — R, x — g(xzo + ) — g(x0).

Since F(z,g(z)) = 0 for x € V, we have F,(x, g5,(x)) = 0. The function F,, satisfies all the
assumptions of the theorem on the differentiability of the implicit function g¢,, at the point (0, 0).
Indeed, (0/0t)F(x,t) is a continuous function (Dr —w) N H — R, since

0

aFw(fL‘a t) = QF(fU*Fl‘o, t+g(wo)) = F'(z +z0 + (t + f(20))D)b. (7)

ot

Hence we obtain

R0, 0) = [ /(o + glao)h)| (0 (), 5) > 0.

Finally, the partial derivative

;xF“(O’ 0) = F'(xo + g(z0)b)

exists at the point (0,0). Then, by the implicit function theorem [7], the function g,, has the
derivative

(920 0) = ~ 2L F1(0,0)/ 57 (0,0)
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at the point = 0. Taking into account the relation (g,,)'(0) = ¢’(xzo) and the fact that zo € V
is an arbitrary point, we transform the expression in the right-hand side and obtain
J (2)h = —F'(z+g@)b)h _ |F'(z + g(@)b)[(-n”(z),h) _ (Pn®(z), h) (8)
F'(z 4 g(z)b)b |1F"(z + g(2)b)||(n%(z), b) (n%(x), b)
for all z € V and for all h € H,. Hence, as an element of the space Hj, ¢'(x) can be written in
the form

P (x
gl(x) = 73 ( ) .
(n®(x), b)
Assertion 2) readily follows from (8). Moreover, for the second-order derivative of the function g
we obtain the expression

F"(x + g(x)b)hhi + (¢'(x)h1) F" (x + g(x)b)hb

F'(z + f(x)b)b
L @+ g(@)b)h) F(x + g(x)b)bh + (g (x)h1) F"(x + g(2)b)bb

(F'(x + g(x)b)b)? ’

from which, using the relation F'(x 4 g(x)b)b = ||F'(x + g(x)b)||(n®(x),b), we obtain asser-
tion 3). O
Remark 6. We could define the surface G using the function F' defined on some open set Dp C E
and satisfying the assumptions of Theorem 1 as the set of points of the form {w € Dp : F(w) = 0}
if we assumed that the third-order derivative of the function F' exists and is bounded on D with

respect to the norm of the space L(H,L(H,H))"™. Then, by Theorem 1, Conditions 1-3 would
be satisfied.

g"(z)hhy = —

2. SURFACE LAYER THEOREMS

A real o-additive function defined on the o-algebra Bx of Borel subsets of the space X is
called a measure on the topological space X ; the 7,-differentiability [8] (cf. [9]) of this function
means that this measure is differentiable.

Let v be a nonnegative Radon measure defined on £ and n + 1 times differentiable along the
subspace Ry, and let v be a surface measure on G defined similarly to [6] and [3] as follows:

B vi(dz)
0@ = | T o Y

where .
vi(Q) = dbl,...,an(U{Q +) sibiis; <0, 0<i < n}), Q€ Bg
i=1

(here dp, .. 5, v is the nth-order derivative of the measure v along the directions by, ..., by).

As in [2], it can be proved that vg is a (nonnegative) measure on G.

Let B C G be a subset. Since the mapping 1 is continuous for any € < g3, the set B is open
if the set B is open, and B¢ is a Borel set if B is a Borel set.

For B € B¢ and for each ¢ < ¢, we define the set

def{ +Ztn xEB,OSiSTL,OSti<8}, (10)

which is a Borel set, since the mapping v is continuous. Let vy be the projection of the mea-
sure v on T, along the subspace Rj,. We shall say that a Borel set B C G has property (*) if
vr(OP,B) = 0 (the boundary is taken in G). In what follows, B(e) = {x € R" : ||z|| < e} and A
is the Lebesgue measure in R”.
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Theorem 2. Suppose that B C G is a subset open with respect to G, contained in G together
with its closure with respect to E, and having property (*). Then

(11)

Below, for simplicity, we prove the theorem in the case n = 1. The proof of the theorem is
based on the following Lemmas 5-10.

Lemma 5. Suppose that A € By, f1, fo: A — Ry are functions, f1 < fo, and

Afl,fQ déf {w el :PweA, fl(wa) <w—-—PFw< fg(wa)}.

Suppose also that Q) C Ay, 4, is a Borel set. Then the following inequality holds:

v(Q) < 4|dyv|(A+ Rp)sup(fz — f1)-

Proof. This lemma is proved [1] for a separable Banach space. In our case the proof does not
change. 0

We define the mapping Pg of “projecting on G along the normal” as follows: Pg: G** — G,
r+tn%(x) — . It is easy to see that Pg = ¢(-,0) o P,o1. Hence the mapping Pg is continuous
as a composition of continuous mappings.

We set Ge = p(U +¢eb). By the symbol L. , we denote the set of all vectors tangent to G. at
the point x + en®(z), where = € U, such that for each of these vectors there exists a curve

~v:[0,1] — Ge, 7(0) = 2 4 en(z),

for which the derivative 4(0) exists in the topology of the space H .
In the next lemma, it is convenient to assume that the domain of definition of the mapping
x +— n%(x) is the surface G.

Lemma 6. The relation L. , = H, holds for all x € G and for all € < ¢y

Proof. We fix an arbitrary point z € G and a number € < g,. Without loss of generality, we
assume that =+ en%(x) = 0. In this case, we simply write L. for the set L. ,. We show that L.
is a subspace of codimension 1 of the space H .

Let F}, be a continuous linear functional represented by an element b. We define the function

U: G - R, w— Fyw)). (12)

Then the set G. can be written as G. = {w € G** : ¥(w) = €}. We note that the set G°* is
open, since the mapping ¢ is continuous. The derivative ¥'(w) (in the topology of the space H)
is nonzero at each point w € G¢. Indeed,

V' (w)h = Fy (' (w)h) = (b, ¥ (w)h) = ((¢'(w))"D, ). (13)

But the mapping (¢'(w))* is injective, because the mapping ¢’(w) is bijective. Hence we have
(¢ (w))"b # 0.

In the space H , we consider the surface G.NH . Since ¥ (w) is nonzero at each point w € G*,
the tangent space at each point of this surface (in particular, at the point w = 0) is a subspace of
codimension 1 in the space H . In particular, L. is a subspace of codimension 1 in the space H .

Let us show that L. = H,. Let 7 € L., and let v: [0,1] — G. N H be a curve such that
~v(0) = 0 and 4(0) = 7 (the differentiability at the zero point in the topology of the space H). We
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set v1(t) = Pa(v(t)) and rewrite v1(t) as v1(t) = @(Ppip(7(t)),0). This implies that v1(¢t) € H
for all t € [0,1] and, by Lemma 2, the mapping ~1(-) is differentiable at the point ¢ = 0 in the
topology of the space H. We have

() = (t) +en (1 (t)).

Multiplying this relation scalarly by n®(z), differentiating with respect to ¢ at the point ¢ = 0,
and using Lemmas 2 and 1, we obtain

. . 1d
(m,n%(x)) = ((0), n%(x)) = (41(0), n(x)) + 5 @an"(%(t))ll2 =0,
t=0
i.e., we have proved that 7 € H,. But both spaces L. and H, are of codimension 1, and hence
they coincide. [J

Lemma 7. There exist an €, € (0,¢,) and a constant X > 0 such that, for all w € Gev, the
following estimate holds:

(b, ¢ (w)b)] > A. (14)
Proof. In the notation of Lemma 4 we have
V(x4 tnC(x)) = (Ao + AA) L = Ayt — AgTAA (Ao + AA) L
It follows from the proof of Lemma 4 that ||AA;|| < K,t and [|(Ag+ A4;) || < Ky . We have
the estimate
(0,9 (x + tn%(2)))| = [(b, ' (2)b)] — (b, Ag ' AA:(Ao + AA)~'D)]. (15)
Now we estimate the first term in (15). Let ¢'(x)b = h. Then ¢'(z,0)h =b, or

—k(z)(n%(2), Wb+ (b, h)n®(z) + h=b,  where k(z) = /1+|f'(2)]> (16)
It follows from the form of this equation that we must seek its solution in the form h = an®(z)+4b,
where o € R and § € R. Substituting this expression in Eq. (16), we obtain the following system
of equations for a and g:

_ 1
k(z) + (1+ p(a)) (1 — p(a)k(z))’
B =—a(l+p()),

where p(z) = (b,n%(x)). As already proved (Lemma 4), ¢'(x,0) is a bijection. Hence the
obtained solution is unique. We note that

(b, ¢/ (2)b) = (b, an(z) + b) = ap(z) — a(1 +p(z)) = —a.

Taking into account the inequalities 0 < k(z) < V1 +K]2c and 0 < p(z) < 1, we obtain the
estimate

k(@) + (14 (@) (1 = p@hk(a)| < k(@) + (1+p(@)) (1 + pla)(a)
SVITRI+204 VITRE) Y L
where X is a constant. Hence we have
|(b, ¥ (x)b)| > 2. (17)
Now we estimate the second term in (15):
(b, Ag T AA(Ao + AA) )| < A IAA] - [[ (Ao + AA) T < KJ Kt

We choose a to > 0 such that K7 K,ty < A. Then, taking into account (17), we see that (14)
holds for all 0 <t < t,. We set ¢} to be equal to this value to. O

Without loss of generality, we assume that e, = ¢y.
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Lemma 8. The set G. is the graph of a continuous function g.: U(e) — R defined on some set
U(e) open in Ty and having the first-order derivative g.: U(e) — H' = H and the second-order
deriwative g: U(e) — L(H,L(H, H)) along the subspace H . Moreover, there exists a constant
Ky >0 such that ||g”(x)|| < K4 for all x € U(e).

Proof. Suppose that, as before, the function ¥ is defined by formula (12). We apply Theorem 1
to the function ¥ — e. Earlier it was proved that the mapping 1’ is continuous, and hence the
mapping ¥’ is also continuous. This implies that the derivative ¥/ (w) is different from zero at each
point w € G . Next, by Lemma 6, we obtain n¢"’ (w) = n%(z), where = P,Pg(w). Therefore,
by Remark 3, we have (n¢"(w),b) > 0 for all w € G**. By Theorem 1, there exists a continuous
function g. defined on some open set U(e) C Tp, having first- and second-order derivatives along
the subspace H , and satisfying the condition that G. is the graph of this function (the fact that
the function ¥ also has a second-order derivative along the subspace H follows from formula (13)).

Now we verify condition 3) of Theorem 1, which implies that ||g”(z)|| is bounded on U(e) by
a constant K. By Remark 3 and Lemma 6, for all w € G, we have

(b, (@) > ——— > 0.

/ 2
1+ K3

Next, by (13) and Lemma 4, we have ||V (w)|| < K for all w € G®".
Finally, we show that there exists a constant A > 0 such that ||¥'(w)|| > A. Because we have

(b, n (@) <1 and (W (@)[] - [(b, n (w)] = ¥ (w)b],
it suffices to prove that |¥/(w)b] > A. But
U (w)b = Fyp (¥ (w)b) = (b, ¢'(w)b),
and the statement of this lemma follows from Lemma 7. [

Lemma 9. On the set UNU(e), the function g has the form
5
9:(2) = f(z) + (@), )

moreover, there exists a C > 0 such that |az(z)| < C for all € € (0, ).

Proof. We choose an arbitrary point zg € U NU(e). We set z1 = Py(gs(w0) + en®(x0)) and
consider the restriction of the function g. to the straight line passing through the points xy and x .

We define the function
~ o — 1
ge(t) = ge <331 + t>-
|20 — 21|

+ 52045(37) :

We set def |lxo — x1]|. Applying the Taylor formula to the function g., we obtain

- - . 1
Ge (o) = G-(0) + G (0)t0 + 53 (6t0)13,
where 6 € (0,1).
Through the point (21, g-(x1)), we draw the tangent k(t) = g-(0) + g.(0)t to the graph of the
function g.. By Lemma 6, we have

k(to) — f(xo) = m- (18)
Next, taking into account the relation g.(t9) = g-(xo), we obtain
9e(x0) — f(x0) = (k(to) — f(z0)) + (9e(w0) — k(t0)), (19)

where 1 1
19:(z0) = k(to)| = |53L (Ot0)llo — 1] < 5 Kye?.

This, as well as (18) and (19), implies the statement of the lemma. O

MATHEMATICAL NOTES Vol. 72 No. 4 2002



APPROXIMATION OF SURFACE MEASURES 563

Lemma 10. Suppose that B C G 1is a Borel set contained in G together with its closure. Then
there exists a constant K > 0 such that, for any x € Ty, and for any € < ey, the set (x+ Ry) N B,

(Be is the closure of B.) is contained in an interval of the line x + Ry of length less than Ke.

Proof. It is clear that it suffices to prove the statement of the lemma for a closed set B. We set

def
G- 5= p(PyB,¢).

The line x + R, has a nonempty intersection with B, if and only if = € PG, pUPB. If
x € P,G. p N P,B, then the statement of the lemma follows from Lemma 9.

Let x € P,B \ P,G. p (if the set P,B\ P,G. p is empty, then we do not consider this case).
The subset (z + Rp) N B, of the number line = + R} is closed and bounded; hence it contains its
least upper bound @. It is clear that

— def _ _
19 Pe(@) — @ <e.

The intersection of the set B. with the line 2+ R, is the interval [p(z,0),@]. Its length is equal to
gz(z) — f(x). The statement of the lemma again follows from Lemma 9 applied to the function g;.

Now let 2 € P,G. g\ P,B, and let @ < inf{(x+ Ry) N B.} (if the set PG 5\ P,B is empty,

then the lemma is proved). The intersection of the set B. with the line z + Ry is the interval
[@, z + g-(z)b]. Let us estimate its length. Let

y def P, (Pg(w) + ETLG(P(,PG (@))) .

We set
r—Yy
|z -yl

and define the function g.(t) = g-(y+te), t € R. We also set ¢, e |lz—yl||. Let ke be the tangent
to the graph of the function g.(¢) at the point ¢ = 0. By Lemma 6, the tangent k. is orthogonal
to the vector n®(P,Pg(w)). Then, taking into account the inequality (b, n®(z)) > 1/V1+ K2,
we obtain the estimate

e
o + bt~ = 1= 200

B S Kie, (20)

where K; is an appropriate constant. By the Taylor formula with remainder in Lagrange form,
there exists a ty € (0, t;) such that

1
S 5Kg€2.

1
|ge(toc) - ke(tx)| = lggé/(to)ti
Hence, by (20) we have
[+ ge(2)b — Wl < [l + ke(te)b — G + |ge(ta) — ke(ta)| < Ke,

where K is an appropriate constant; we also took into account the fact that g.(t,) = ge(x). The
proof of the lemma is complete. [J
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Proof of Theorem 2. On the set &/ x R, we define the function

9

f($a5)=f($)+m-
Let B C W, be an open set with property (*). We set f.(x) = f(x,e) and

By “{z+tb, v € BB, f(z) <t< f(a)}. (21)

We apply the results of [1] (obviously, the conditions under which these results hold are satisfied)
and obtain

lim e (87 1) = [ (1), 0 F 2, 0)vetde) = ve(B), (22)

Here the first relation holds because of the results in [1]. Let B. be a set of the form (10). If we
prove that
v(B: A By y.) = ofe) (23)

for € < €, then we obtain the relation

lim e 'v(B.) = va(B).

e—0

Changing the normal vector field to the opposite and taking into account the fact that Lemma 5

implies v(B) =0, we prove (11). Now we prove (23). Let G. p Lof o(PyB,e). We set

My, ¥ (B. A By )N (P.BN PG 5+ Ry),
M2 déf (BE ABf’fs) N (PbB\PbGs,B +Rb)a
Ms def (Be ABf’fE) N (PbGejB\PbB‘FRb)'

Obviously, M1 UMyUMs = B. ABy ;.. Theset G- p is open (in G.) as the preimage of the open
(in Ty + €b) set P,B + b under the continuous mapping . Since the function g. is continuous,
the set P,G. p is open (in T}); hence each of the sets M;, My, and M3 is a Borel set. Let us
estimate the measure of each of them. To estimate v(M;), we note that M; has the form

M, = {:1: +th:z € PbBN PG, p, min{f.(z), g-(x)} <t < max{f.(x), gE(:L')}}
(the function g¢. is defined in Lemma 9). By Lemma 9, we have
max{ f.(x), g-(2)} — min{f.(2), g-(x)} < Ce?,
where C' is a constant. Using Lemma 5, we obtain
v(My) < 4ldyv|(PyB N PyGe p + Rp)Ce? < 4|dyv|(PyB + Ry)Ce>. (24)

Now, let us estimate v(Mz). We set

My < (B ;. \B)N(PB\ PGe g+ Ry), My ™ (B.\ By ;)N (PB\ P,Ge s+ Ry).

Clearly, the sets My, and May are Borel sets, and My U Moy = M. First, we estimate v(Mag).
Taking into account the relations My, C By ;. and sup, |f-(z) — f(z)| < Cie (where C; is an
appropriate constant) and using Lemma 5, we obtain

I/(Mgl) §401€‘db1/|(PbB\PbG5,B+Rb). (25)
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Now we estimate v(Mas). For z € P,B\ P,G. g, we consider the subset (z + Rp) N Be of
the number line x + R . It is closed and bounded; hence it contains its least upper bound. On
P,B\ P,G. p we define the function

he(z) = f(z) +sup{(z + Ry) N B:}.

By Lemma 10, we have
sup |he(x) — f(z)| < Ke

for all € < g,. Then, taking into account Mss C B, and using Lemma 5, we obtain
v(Mao) < 4Ke|dyv|(PyB\ PG g + Rp). (26)

Let us show that
‘dbl/‘(PbB \ PbGe,B + Rb) — 0, e — 0. (27)

To this end, it suffices to prove that
limIppp. (@) =0,  x€Ty, (28)
(T is the indicator function of the set in the subscript). Indeed, it follows from (28) that
;i_f)l% Lip,B\P,G.. 5)+Ry (2) = 0, v ek,

which, by the Lebesgue theorem, implies (27).

To prove (28), it suffices to show that, for any point x € P, B, there exists an € > 0 such that
x € P,G. p for all ¢ <. We choose an arbitrary point € P,B. The set (z + Rp) N B® is an
open subset of the number line x + R;,. On the line z + R}, we choose a neighborhood U,,, of the
point wg = x + f(x)b so that it is contained in (z + Rp) N B*. We set

w(t) =z 4+ (f(x) +1)b, teR.

Let ¢ > 0, so that w(t) € U, . On the interval [0, ], we define the function

(1) = llw(t) — Palw(®)Il-

The function £(t) is continuous on the interval [0,¢]. Indeed, the function £ has the form

£(t) = [Py (w(®)) — pw@)I,

i.e., is the composition of the two functions ¥ (w(t)) and k(w) = ||Pyw — w||. The function ¥ (w(t))
is continuous as the composition of continuous functions. Let us show that k(w) is continuous.
We write the argument w in the form w = (z,t¢), where z € T, and t € R (E ~ T, x R).
Then the function k£ can be rewritten as k: (z,t) — t. Now it is obvious that this function is
continuous. Hence the function £(t) is continuous as a composition of continuous functions. We
choose the value £(¢) to be €. Clearly, we obtain x € P,Gz . But on the interval [0,%], the
continuous function {(t) takes all intermediate values from 0 to €. Hence = € P, G, p for all
e < €. Relation (28) is thus proved.
Now let us estimate v(Ms). For x € P,G. g\ P,B, we define the function

hic(z) = ge(x) — inf{(z + Ry) N B.}.
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It follows from Lemma 10 that
sup |hie(z) — ge(z)| < Ke

for all € < . Using Lemma 5, we obtain
V(Mg) < 4K€’de’(PbG€7B \ P,B + Rb) (29)

Let us show that
|dpv|(PyGe B\ PyB + Rp) — 0, e —0. (30)

We set By = U\ B (here B is the closure of B). The set Bj is open (in G). The foregoing
argument shows that, at each point x € T, we have

Ehi% ]IPbBl\PbGs,Bl (z) =0;

hence
gii%]IPbBl\Pbée,Bl (‘T) =0, z € Tb.

Then, taking into account the inclusion (P,G. g NU)\ P,B C PyB1 \ P,Ge ., , we obtain

Eh_)né H(PbGEYBﬂu)\PbE = 0 (31)
Next, let us show that
Eli_% ]IPbGE,B\PbE = 0. (32)

To this end, by (31), it suffice to prove that
lim T, puu(a) = 0 (33)

everywhere on Tj,. We choose an arbitrary point xzg € T, \U . We assume that the convergence (33)
does not occur at the point xo. Then there exists a sequence ¢, — 0 such that zo € P,G., p\U
for all n. Without loss of generality, we assume that zog € H. We set Gi B = G.,.pNH and
UT =Y N H and obtain

Xo € PbGH

En,

s\u". (34)

On the other hand, since U is open with respect to the induced topology of the space Hy, it is
open in its Hilbert topology. Similarly, the set B" = BN H is closed in the Hilbert space Hy. We
note that the set PngL _p s contained in the e,-neighborhood of the set EH, and, because we

have B C UM | all such e,-neighborhoods, starting from some n, are contained in U, which
contradicts (34). So relation (33) and hence (32) hold.
The indicator functions of arbitrary sets A; and As satisfy the relation

Tapa, =14, —La, + 14,04, (35)

We have P,G: p\ P,B = (PyGe, g\ PB) \ P,0B. Applying (35) to the sets P,G. g\ P,B and
P,0B, we obtain

IpG. p\pB = IPc. s\P,B = IP0B +1p0B\(P,G. 5\P,B)-

Hence
Ip,c. p\P,B+R, = IP,G. 5\P,B+R, — LP,0B+R, T IP,0B\(P,G. 5\P,B)+R,- (36)
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Since vy (P,0B) = 0 (property (%)), we have v(0B + Rp) = 0; hence
|dyv|(0B + Ry) = 0. (37)
It follows from (36) that

|db1/’(PbG573 \ Pb§+ Rb) = ‘dbl/‘(Png,B \PbB + Rb) — ]dbu\(aB + Rb)
+|dpv|((0B + Ry) \ (PoGe,p \ BB) + Ry)),

where, by (37), the last two terms are zero. The fact that the measure |dyv| is o-additive, the
Lebesgue theorem, and relation (32) imply (30).

Now it is clear that (23) follows from the estimates (24)—(26) and (29), as well as from (27)
and (30). O

Next, we assume that the function f can be continued to some domain U; C Tp such that
U C U, and the graph of the function continued is a surface in the sense of Definition 2. By the
symbol ¥ we denote the system of all open subsets of the surface G that possess property ().

Next, let v be the measure on G defined by the relation

e V(B)
VB = Be)

In the case of an arbitrary finite codimension n, the operator Pg is defined as follows:
n
Pe: G — G, x+ZtmiG(a;)»—>x

Theorem 3. Suppose the family of functions fg(e) = v°(B)/va(B), where B € ¥, is uniformly
bounded on the half-interval (0, p]. Then formula (11) holds for any Borel subset of the surface G .

Proof. It follows from the assumptions imposed on the function f that relation (11) holds for
open subsets of the surface G that have property ().

Now let B C G be an arbitrary open set. We use the fact that v is a Radon measure. Similarly
to the case n = 1 studied in [6] and in [2], it can be proved that v is also a Radon measure on G'.
We shall find a o-compact set K1 C B and a o-compact set K, C B® such that va (K1) = va(B)
and v(Ksy) = v(B%). Let Ky = Pg(K,). Since the mapping Pg is continuous, K» is a o-compact
set. We set K = K; U Ky. It is clear that K is a o-compact set, K C B, vg(K) = vg(B),
and v(K°®) = v(B*®). For each point x € K, we choose its neighborhood V, C B which has
property () and satisfies the conditions v*(9V,) = 0 and vg(9V,) = 0 (we take into account
the fact that the measures v** and vg are o-additive on G). From the open covering of the
o-compact set K by the sets V, , we choose a countable subcovering V;, t =1,2,... . We set

Fi=Vi, F=V\{UW i=2,3...

The sets F; are open and have property (). Hence, for all sets F;, i = 1,2,..., relation (11)
holds. We set F = |J, F; and show that (11) also holds for the set F. Since the sets F; do not
intersect pairwise, we have

[e.e]

. v(Fe) = _ c
i SBE) ~ M s ;” =l 2 V) (38)
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It follows from the assumptions of the theorem that the series ) .-, v°(F;) can be majorized
by the converging numerical series Y o vg(F;) multiplied by some positive constant and hence
converges uniformly. Then we can pass to the limit under the sum sign in (38). Taking into account
the o-additivity of the measure vg, we obtain

— i YY)
o) AEE)

The sets F; satisfy the conditions v**(0F;) = 0 and vg(0F;) = 0. Thus for any ¢ < g, the
set K°\ F* has the zero v-measure, and the set K \ F has the zero vg-measure. Hence, for all
e < ey, we have v(F¢) =v(B°) and vg(F) = vg(B). Then

_ i P v(BY)
o) =) = B T S ABE)

We have proved (11) for open subsets of the surface G. Now let B C G be a closed set. Because
relation (11) holds for the surface G itself, which is an open subset of the surface G, and for its
open subset G\ B, this relation also holds for the set B.

Now suppose that B C G is an arbitrary Borel set; K, is a sequence of compact sets such that

K, CB and vg(K,)— vg(B) n — oo,

and A, is a sequence of open sets such that B C A, and vg(A,) — vg(B) (n — o0). Both
sequences exists because vg is a Radon measure. For each chosen n, we have

v = lim 7V(K7€‘) im 7V(Bs) lim 7V(B€) im 71/(14 =7,
o) = I 3B ©) = 2B E) = EABE) S ABE) U

SO™
~—

Passing to the limit in this system of inequalities as n — oo, we obtain (11). O
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