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1. Introduction

The nonequilibrium work theorem is an equation in statistical mechanics that
relates the free energy difference AF' to the work W carried out on a system dur-
ing a nonequilibrium transformation. The identity appeared in different, but as we
show below, equivalent formulations in Refs. 1 and 2 in 1997, and in the series of
papers, Refs. 4-7 in 1977-1981.

In physics literature, the identity is usually written in the form

(W) = e P2E, (1)

where the average is taken over all possible system trajectories in the phase space,
and  is an inverse temperature. The identity first appeared in this form in Refs. 1
and 2. Traditional equilibrium thermodynamics tells us that (W) > AF while the
transformation of the system is infinitely slow. The identity (1) is a stronger state-
ment, and in addition to this, it is valid for arbitrary transformations of the system.
The identity is used effectively in computer simulations, as well as in experimen-
tal physics, to calculate the free energy difference between two states of the system
by running many trajectories and taking the average value of e " (see Refs. 8-12,
14-16 and references therein).
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The paper Ref. 3, discusses the connection between two different versions of the
identity, and shows that Refs. 4-7 use a different definition of work. The identity
obtained in Refs. 4-7 (referred to below as Bochkov—Kuzovlev’s identity) reads:

(e=PWoy = 1,

where Wy is the work (in Bochkov—Kuzovlev’s sense) performed on the system, and
the angle brackets have the same meaning as in (1). The present paper shows that
Jarzynski’s and Bochkov—Kuzovlev’s identities easily follow from each other.

Since the identities involve taking an “average over trajectories”, it is natural
to interpret this average as the expectation relative to a probability measure on
trajectories, while assuming that the system evolves stochastically. In terms of
expectations, the identities can be represented by the formulas

Ele #Y] = ¢ #2F and E[e "] =1,

where E is the expectation relative to a probability measure on phase space paths.
For this probability measure, some analytical assumptions under which the identi-
ties hold are found.

2. Notation and Assumptions

Let us assume that the evolution of our system is described by a Markov process
I't(w), t € [0, 7], given through its transition density function. Let X = R?? be the
phase space for our system, i.e. the set of values of I';. We assume that at time t = 0
the distribution on the phase space X is given by the following density function:
o~ BH(x,20) 1

[cenrriaty

() = eI,

where H(-,\) : X — R is a Hamiltonian parametrized by an externally controlled
parameter A € A, A C R is an open set; 3 = kBLT, kg is the Boltzmann constant, T’
is the temperature of the system, Z,, = fX e~ PM(x:20) dz: is the partition function.
We assume that for all \g € A, fX e~ PH(x:20) g < 0. We consider the situation
when the external parameter A is a function of time [0,7] — A, i.e. we actually
consider a time-dependent Hamiltonian H(z, A(t)). Let Ey, denote the expecta-
tion relative to the measure ¢y, (z)dz. Below we assume that the changing in time
external parameter A belongs to the space

V[OvT] = {)‘ : [OvT] - A7 )\ = )\c + )\step; )\C S va )\step S »Cstep}v

where CV = CV[0,T] is the space continuous function of bounded variation on
(0,77, and

n—1
£Step = ‘CStEP[Ov T] = {)\() = Z Ail[[ti,ti+1)(') + ATIH{T}()}
=0

is the space of right continuous step functions corresponding to different partitions
P={0=tg<- -+ <t, =T} of [0,7] and different finite sets of values {\;}.
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To emphasize the fact that the function A € V[0,T] gives rise to the process
I'y, we will use the notation I'}. Let px(s,z,t,y), s,t € [0,T], s < t, z,y € X,
be the transition density function for T'}. Let X [0.T] denote the space of all paths
[0,7] — X. In terms of p) we can construct a probability measure Ly on X [0.T] by
means of the finite-dimensional distributions

/X[O . flw(to),w(ty),. .. ,w(ts)) La(dw)
:/ dSUOQA(tO)(xo)/ dx1 px(to, zo, t1,x1) - -
X X

. / Az pa(tn—1,Tn—1,tn, xn) f(Xo, T1, ..., Tn), (2)
X

where {0 =ty < --+ < t, = T'} is a partition of the interval [0, 7], and f : X" — R
is a bounded and measurable function. By Kolmogorov’s extension theorem, the
right-hand side of this equality defines a probability measure on the minimal o-

algebra of X[0T] generated by all cylindrical sets. We denote this o-algebra by
o (X0,

Assumption 1. The measure Ly is concentrated on the right continuous trajec-
tories without discontinuities of the second kind.

Assumption 1 is fulfilled, for example, when the function p, satisfies one of
the conditions given in Ref. 17 (Chap. 2, paragraph 1). Also, we assume that the
o-algebra o.(X[%T]) is augmented with all subsets of Ly-null sets.

We take X107 as the probability space, i.e. we set Q = X[0T] and Ly as the
probability measure on it. Then, Ly-a.s., T} (w) = w(t).

For each fixed A € A, we introduce another transition density function
p(s,x,t,5,\) which represents the situation when the system evolves being con-
trolled by a constant in time parameter. The following Assumption 2 is the key

assumption under which the nonequilibrium work theorem holds.

Assumption 2. If A = A, then pi(s,z,t,y) = p(s,z,t,y,\), where

p(s,x,t,y,\) conserves the canonical distribution on the phase space X. Specifi-
cally, it satisfies the identity

| @)ooty Do = a5(0). 3)
X
We make further assumptions:

Assumption 3. If \ is constant on [s,t), and discontinuous at the point ¢, then
for Lebesgue almost all x € X,

/ dy pa(s, . £,9) () = / dy p(s, 2,1,y () F (),
X X

where f : X — R is bounded and Borel measurable.
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Assumption 4. For all t € [0,T), and for all compacts K C X,

s Sup [/X p(t,z,t+0,y, A(6) f(y)dy — f(x)| =0,

where f: X — R is bounded and continuous.

Lemma 1. Let P ={0 =1ty < t1 < -+ < t, = T} be a partition of [0,T], and let
M) = Z?:_Ol Aillits i) (4) + Anlyry (+). We assume that if N[5 4) = A, where X € A
is constant, then px(s,x,t,y) = p(s,x,t,y,\). Further we assume that the function
px satisfies Assumption 3. Then, for all s,t, 0 < s <t <T, for all x € X, and for

all bounded and Borel measurable functions f : X — R,

/ dy pa(s, 2, t,9) F ()
X

=/ d$1p(87$771,$1,)\(3))/ dxs p(T1, 21, T2, 2, A(T1)) - - -
X X

[ vt X@) ) @
where {s < T <--- <7 <t} =(PU{s,t})N[s,1].

Proof. The proof follows from Assumption 3. O

3. Jarzynski’s Identity

Let A = Ac + Astep be the decomposition of A € V[0, T into a sum of a A € Ccv[0,T]
and a Astep € Lstep[0, T]. Further let 9\H : X x A — R! denote the partial derivative
with respect to the second argument (i.e. with respect to the control parameter).
We assume that the partial derivative 9yH exists on X x A([0,77]), and is bounded.
Also, we assume that for each fixed A € A([0,77]), H(-,)) is bounded and Borel
measurable. Everywhere below, the probability space © is the space X[*T]. We
define the work Wy : Q@ — R performed on the system by the formula

T
W (w) = / (ONH(T (@), A(1)) » dAe(t))e

n

+ ) (H(TY (@), Alt:) — H(T (w), Alts — 0))), (5)

i=1

where {0 =ty < t1 < -+ < ¢, = T} are discontinuity points of A, ( , )p: is the
scalar product in R! D A, and the integral on the right-hand side is the Lebesgue—
Stieltjes integral, i.e. the sum of the Lebesgue—Stieltjes integrals with respect to the
components of A.. In the following, we skip the sign of the scalar product in the



A Mathematical Approach to Jarzynski’s Identity 217

first term of (5), and simply write

T
W (w) = / OV (@), A1) dAc (1)

+ Y (R (W), A1) = H(TE (W), Alts = 0))).
i=1

Let F = —% In Zy (free energy of the system), and let AF = Fyp) — Fy) (free
energy difference). Let Ep,, denote the expectation relative to the measure Ly.

3.1. Jarzynski’s identity, case XA € Lgep(0, T
Clearly, if A= 307 ANl 1) + Aalpry € Lotep0, T,

n

Wi(w) = z:(H(FfA (W), Ai) = H(TR, (w), Ai1))-

=1

Theorem 1. (Jarzynski’s identity: case A € Lgepl0, 1)) Let A € Lstep[0, T, and let
the transition density function py satisfy Assumptions 2 and 3. Further let H(-,\)
be bounded and Borel measurable on X for each fived A € A([0,T]). Then the func-
tion e PWx s LLy-integrable, and

By, [eP"2] = e BAF,

Proof. Ly-as.,

Note that W) (w) is a cylinder function. By Lemma 1,

Ey, [~ — / BT (Hw(t) ) =H(@(t) A=) L, (dw)
Xx0,7]

=/ donAo(xo)/ dxy p(to, zo, 1,71, No) - - -
X X
/ dxn—lp(tn—nyn—Qytn—laxn—lyAn—2)
X

. / A2 p(tn—1, Tn—1,tn, Tns An_1) e~ Bl (H(ms, ) =H(ws,Xi1))
X
(6)

Assumption 2 implies that for all s < ¢, for all y € X, and X € A,

LGRS _
/demp(s,x,t,y,)\):L (7)
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Taking into account this, and changing the order of integration in (6), we obtain

1 / dxn efﬁH(a:n;)\n)
Zxo Jx

e_ﬁH(xn—l7)\n—l)
: /Xdxn—lmp(tn—hxn—lytn,xny/\n—l)

ELA [eiﬁW/\] =

e~ BH(zo0,A0)
. Adxomp(to,xo,tl,xl,Ao). (8)

Starting from the end, we replace each integral in (8) with 1, which is valid by the
relation (7), until we reach the very first integral (taken with respect to x,,), which
we replace with Zy, . Noticing that A\g = A(0) and A, = A\(T), we obtain

4
Ep,[e 7" = ety

208
The theorem is proved. O

3.2. Jarzynski’s identity, case A € CV[0,T]

Theorem 2. (Jarzynski’s identity: case A € CV[0,T]) Let A € CV[0,T], and let the
transition density function py satisfy Assumptions 2,3, and 4. Let the probability
distribution Ly of T} be given by (2), and satisfy Assumption 1. In addition, let the
following assumptions be fulfilled:

5. If \" € Lstep[0,T], and as n — oo, A" — X\ uniformly on [0,T], then Lyn — Ly
weakly relative to the family of bounded continuous cylinder functions;

6. The function H(-,\) is bounded and Borel measurable on X for each fized \ €
A([0, T);

7. The partial derivative ONH exists at all points of X x A([0,T]), and is bounded,

8. The functions O\H(x, -) are equicontinuous as a family of functions parametrized
by z € X;

9. The function O\H(-,\) is continuous for each fived \ € A.

Then, the function e=PWx is Ly -integrable, and
Ep, [e AW = e AAF, (9)

Lemma 2. Let A € V[0,T]. Then, under Assumptions 1 and 7-9, the function
Wi (w) given by (5) is o.-measurable.

Proof. Below, for an arbitrary small € we construct a o.-measurable function
F : Q — R such that

Sl{llp |F(w) — Wi(w)| < e. (10)
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We find a function Agep = o1y At e, b0y + Atn)ge,y € Lstepl0, T such that
for all w € Q, for all t € [0, 77,

[ONH(TR (), A(t)) = ONH(TP (@), Astep ()] < .

This is possible by Assumption 8. Thus, it suffices to find a measurable function
F verifying (10) for Wy of the form [ O\H(I'}w), A) dAc(t), where X € A([0, T7) is
fixed, and . is not a constant on [s, r].

By Assumption 1, Ly-a.s., the paths of I'} are right continuous and without
discontinuities of the second kind. This implies that the map I'* : [0,T] x Q —
X is (#(]0,T]) ® oc, B(X))-measurable (where 4([0,T]) and #B(X) are Borel o-
algebras) which follows from Ref. 17 (Chap. 2, Theorem 11). By Assumption 7,
O\H(-, ) is bounded, say by a constant M. We divide the ball of radius M in
R! with the center in the origin into a finite number of sets O; whose diameter is
ﬁ, where V' [\.] denotes the variation of A. on [0, T']. Further let
A; = OH(-,A\)"HO;), and C; = (I')71(A;) C [0,7] x Q. The sets A; are open
by Assumption 9. The sets C; are #(]|0,7T]) ® o.-measurable by the (A([0,7]) ®
0c, B(X))-measurability of the map I'*. Fix 2; € A;, and consider the function
O(w,t) = >, OH(xi, Mg, (w, t). Clearly, SUPye[0,7],wen |OZH(w(t),\) — ®(w,t)| <
We define

smaller than

Flw) = / D, M) = D H (s Mpa({t 2 (w.1) € Ci}),

where py is the Lebesgue—Stieltjes measure on [0, 7] corresponding to the function
A. Fubini’s theorem implies that the function w +— px({t : (w,t) € C;}) is oe-
measurable. The inequality (10) is obviously satisfied. O

Proof of Theorem 2. We take a sequence of partitions P, = {0 = tj < t} <
-+ < t" =T}, and consider the functions

n—1

() = D A e ez, ) () + M)y (8).
=0

Clearly, A\ = X on [0, 7], and V' [A\"] < VL [A], where V! is the variation on [0, T'].
We set A = A(t7), and define the functions

o () = €8 Ty (R ()N = () X)),

By Theorem 1,

A
[ on@)Lan () = 22
Q

A(0)
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for all n. We denote ¢(w) = e #WA() and prove that

Jim [ (pu) — o)L (d) =0, (1)
lim [ (pn(w) — (@)L (dw) = 0, (12)

n—0o0 Q

lim lim [ (pn(w) — o(w))Lam (dw) = 0. (13)
n—oo Mm—0o0 O
For this, we first replace the functions ¢,, in (11)—(13) with more suitable functions
n, such that (p,(w) — ¢n(w)) — 0 as n — oo, uniformly on Q. We have:

n

T
D (W), Af) = H(w(t]), ?’_1))—/ H(w(t), A" (t)) dA™ (t)

i=1

—Zam A ZaAH A = AL, (14)

where in the first term in (14) we applied the mean value theorem to each summand,
and chose A € [\?, A7y 1]. Since by assumption d\H (z, -) is equicontinuous, the
absolute value of the difference in (14) does not exceed eV [\] where ¢ is chosen so
that |O\H(z, A1) — O\ H(z, A2)| < € whenever |A\; — A2| < &, and § is chosen by the
equicontinuity argument. The relation (14) shows that if we prove (11)—(13) with
on(w) = e=B Iy AW N (1) dN"(O) gubstituted for ¢y, then we prove (11)—(13).
We define the functions:

—

n

= Wt n gn (1) + (D) (8);

=0

@™ (t,w) = w(0) Loy () + Y w(t) e m(t); (15)
=1

N (1) = AO)goy (8) + Y At ey ez ()
i=1
With the help of these functions, the second term in (14) can be represented as

T
/Oaw(wo:) n(8))dA" (1) /am "t w), A7 (£))dA" (£)

T
- / ONH(@"™ (t,w), X" (£))dA(2). (16)

By Assumption 8, we choose an ¢ > 0 so that |ONH (@™ (t,w), A™(t)) —
OH(@"(t,w),A(t))] < e whenever supcpo 77 |A"(f) — A(t)| < §, and d is chosen
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by the equicontinuity argument. This means that the relations (11), (12), and (13)
are equivalent to

lim [ (¢n(w) = p(w))Lan (dw) = 0,

n—oo Q

lim [ (¢n(w) = p(w))L(dw) = 0, (17)

n—0o0 Q

lim lim [ (¢n(w) — @(w))Lym (dw) = 0,

n—oo Mm—0o0 O

where @, (w) = e B Jo BHE"EL) AN and o (¢, w) is given by (15). We show
that the relations (17) hold. Since O\H( -, - ) is bounded on X x A(]0, T']) by Assump-
tion 7, A is a function of bounded variation on [0, T'], and the exponent is Lipschitz
on bounded domains, for all m we obtain the estimate

/ (60 (®) — 9(w))Lan (dw)
Q

T
<KL/Q}L,\m(dw)/O IN(dD)|ONH(@™ (, ), A(E)) — ONH(w(t), A(2)))]

T
ZKL/ I/\I(dt)/ Lovn (dw) |3 H(@" (8, w), A(E)) — OxH(w(t), A(®))],  (18)
0 Q

where K, is the Lipschitz constant for the exponent, |A|(dt) is the Lebesgue—
Stieltjes measure corresponding to the total variation function |\|(¢), and Fubini’s
theorem has been applied to pass to the last integral. The same estimate holds for
Ly. Namely,

[ ente) - so(w))LA(dw)]

T
=KL/ |>\|(dt)/Lx(dw)IaxH(@"(t,w),/\(t))—3AH(w(t),>\(t))|~ (19)
0 Q

We would like to show that

Jim | L (d)ONH(E" (1,0), A(0) = ONH(w () AD)] =0, (20)
Jim [ La(d) |on (" (0,0), M(0) = O3 HI((0) ND)] =0, (21)

lim T | L (d)| ONH@" (1), A1) — OXH((2), A(0)] = 0. (22)

n—oo m—00



222 E. Shamarova

Let t € (¢]1,t7], and let 0, = ¢7 — t. Then &"(t,w) = w(t + 0,,). Let us show (20).
We have:

/Q}L,\n (dw) |ONH(w(t 4 0n), A(1)) — ONH(w (1), A(2))]

=/ QAO(xo)dxo/ dx pn (to, zo,t,x)
X

X
~/Xda:ip(t,a:,t+5n,xi,)\(t))|8AH(x,/\(t))—8,\7-((321',/\(t))|.
Note that
Fn(x):/Xd:cip(t,x,t—kén,xi,)\(t))|8>\H(xi,)\(t))—8>\H(x,)\(t))|

converges to zero uniformly in x running over compacts in X which follows from
Assumption 4. Indeed,

|Fn(x)|2§/Xd:cip(t,x,t—kén,xi,)\(t))|8>\H(xi,)\(t))—8>\H(x,)\(t))|2.

The right-hand side of this inequality converges to zero uniformly in x € K C X,
where K is an arbitrary compact. This easily follows from Assumption 4 after we
separate in the right-hand side the terms depending on x and on x;. Define the
measures:

M)\"(A):/ Q)\O(Jjo)dxo/pA7L(t0,Z‘0,t,$)d$,
X A

Jia(A) = / a (20) do / palto 0,1, 7) da.
X A

By Assumption 5, Ly» converges weakly to Ly relative to the family of bounded
continuous cylinder function, whenever A =2 A. This implies that py» — p) weakly
(relative to the family of bounded continuous functions), as A\ = A. By Prokhorov’s
theorem, the family {pxn,ur} of probability measures on X is tight. We fix an
arbitrary e > 0 and find a compact K. such that gy~ (X\K.) < ¢ for all n. Since
F, = 0on K., and all F,, are bounded on X by a constant, say M, not depending
on n, we can find an N € N such that |F,(z)|] < e on K. for all n > N. We obtain
the estimate:

< sup |Fp(z)| + Mpan (XN K:) < e+ Me.
reEK.

| [ (@) )

This proves (20). The relation (21) follows from the right continuity of w, Assump-
tion 9, and Lebesgue’s theorem. The relation (22) follows from Assumption 5 and
(21). Application of Lebesgue’s theorem to the integral (18) (taken over [0, 7] with
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respect to |A|(dt)) implies that as n — oo, the integral (18) converges to zero. This
implies (17), and thus (11), (12) and (13) are proved. By (11), we obtain:

0= lim (SD’I’LL)\” — C)OLAH) = lim /SDTLL)\” — lim /90]]-4)\"

n—oo

Z\(T)
= — lim [ pLyn.

On the other hand, (12) and (13) imply:

0= lim lim [ (pxnLym — @Lym)

n—oo m—0o0o

= lim lim Opllym — lim plLym
m— 00

n—oo m—0o0

Comparing the last two relations gives:
Z\(T
/ p(w)La(dw) = .
Q A(0)
The theorem is proved for the case A € CV[0, 7. O

3.3. Jarzynski’s identity for A € V[0,T] and its corollaries

Corollary 1. (Corollary of Theorem 2) Let the assumptions of Theorem 2 be
fulfilled, and let f: X — R be bounded Borel measurable. Then,

EL, [(f omr) e PWA] = By [f] B, [e™ 7™, (23)

where m : X107 — X w — w(t) is the evaluation mapping, Ex(ry is the expectation
relative to the measure #(T) e~ PH@AT)) dy:.

Proof. Assuming that A\ € Lgep[0, 7], we repeat the argument of (6) and (8), while
using the relation (7). Specifically, we obtain:

EL, [(f o mp) e P W3]

1
— o [ e f(a,)
Zx(to) Jx

e BH(@n—1,A(tn-1))
. L C_BH(Z'W,7)\(tn,—1)) p(tn—lv Tn—1, tn7 Tn, )\(tn—l)) dxn_l T

e~ BM(z0,A(t0))
'/Xmp(lﬁo,xovthxh)\@o))d%

7
22 — gy oy [] Bry [e 7).

=Exn[f] Znen
to



224  E. Shamarova

Now let A € CV[0,7T], and let the constant M be such that sup,cy |f(x)] < My.
As in the proof of Theorem 2, we find a sequence of step functions A" converging
to A uniformly on [0,7]. The identity (23) holds for each A™. The argument of
passing to the limit as n — oo is similar to the argument used in the proof of
Theorem 2. We define the function F : Q — R, F(w) = f(w(T)), and repeat the
argument of Theorem 2 until the inequality (19) with the following replacements:
© = Fo, o, « Fo,, ¢n < Fon, ¢n < F¢,. The right-hand sides of (18) and
(19) will be the same as in the proof of Theorem 2 but the Lipschitz constant K,
will be replaced with Ky M¢. The part of the proof of Theorem 2 following after
the inequality (19) remains unchanged until the last two arguments of passing to
the limit. Those arguments now will be:

0= lim [ (Fp,Ly» — Fplyn)= lim /FgonLAn — lim /F@LM

=Ey[f] EL,[e?™*] — lim [ FelLn.

n—0o0

On the other hand,

0= lim lim [ (FoLym — FgLym)

n—oo m—0o0o

This implies the identity (23). m|

Corollary 2. (Corollary of Theorem 2) Let the assumptions of Corollary 1 except
Assumption 5 of Theorem 2 be fulfilled with respect to the function A € CV[0,T).
Let a € A, and let \* = Njo 7y + alyry. Let us assume that

If N € Lsep[0,T], and \* =2 A* on [0,T], then Lyn — Lyxa weakly relative to
the family of bounded continuous cylinder functions.

Then,

VA
By [(f omr) ™7™ = Banf] 7 oL (25)

Proof. If XA € Lgep[0,T], then \* = E?;ll Ailit, t,0) + alipy. The representation
(4) shows that Ey,, [(f o mr) e # W] is the same for the functions A\* with different
a. Hence,

B, [(f omr) e 7] = Exer)[f]
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Now let A € CY[0,7]. Note that in the relations (18) and (19) we integrate
with respect to |A|(dt) where || is continuous. Hence, by Lebesgue’s theorem, the
investigation of convergence at the point 7" in (20)—(22) is not necessary to prove
the convergence in (18) and (19). Finally we note that by assumption, and by the
relations (19) and (21), with A* substituted for A, for the first term in the identity
(24) we obtain:

lim lim Fy,Lym = /Fgo Lya.

n—oo Mm—0o0

This proves (25). |

Let [s,t] C [0, 7] be an arbitrary subinterval, X5 be the space of all functions
on [s,t]. We introduce further notation: Let CV[s,#] be the space of continuous
functions of bounded variation on [s,t], Lstepls,t] be the space of right continuous
step functions on [s, t] taking a finite number of values. Below, on X[*% we define
the distributions LS s and Ly,s ¢, A€ V[0, T],z € X.Let s< 7 < -+ <71 <t
be a partition of [s,t], f : X**1 — R be bounded and measurable. The finite-
dimensional distributions of LY ; ;, we define by the formula:

/ F@(S),0(m1)s - (1), w(t)) L, o(do)
Xls.t]

:/ d‘rlp/\(sv‘r77—17x1))'“/ dxkp,\(’rk,hxk,ht,xk)f(x,llil,...,SE]C)~
X X

The finite-dimensional distributions of LLy.s + we define by:

LA;s,t[.f] = E)\(s)[ ;\;s,t[f]]'

We extend the measures ]L”ﬁ;&t and Ly;s ¢+ to O'C(X[S’t]) by Kolmogorov’s extension
theorem. We assume that o.(X[**) is augmented with all subsets of L.s,c-null sets.

Theorem 3. (Jarzynski’s identity, case A € VI[0,7]) Let A € V|[0,T], and let
{t1 < -+ <ty =T} be the set of its discontinuity points. Further let the transi-
tion density function py of the Markov process T} satisfy Assumptions 2,3 and 4,
and the probability distribution Ly be given by (2), and satisfy Assumption 1. Let
Assumptions 6,7,8 and 9 of Theorem 2 be fulfilled. Additionally, we assume that

10. If AN € Lgepl0, T, and ™ = X on [0, T, as m — oo, then for each i, 0 < i <

i1 weakly relative to the family of bounded continuous
cylinder functions on Xtoti1l;

11. For all bounded and continuous functions f : Xtotie1l 5 R the function X —

R, z — L3, ;.. [f] is Borel measurable.

n, LAm;tutHl - Lk;tut

Then, the function e=PWx is LLy-integrable, and
Ep, [e P"2] = e PAF, (26)

The continuity of functions X [*it+1] — R is understood with respect to the
topology of pointwise convergence.
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Proof of Theorem 3, case A € V[0, T]. Let A = A\c+ Agtep, Where A € cvio, 1),
and Agtep = E?:_Ol Aillig, 4000y + Anlliry € Latep[0, T, On each interval [t;—1,1;] we

define the function w; = wlp,_, +,), and identify each w € X [0.T] with the sequence
(w1, ... ,wy). Since T} is a Markov process, we obtain:

/ e~ BWa(w )L)\(dw)
Xx0,7]
/ dzo Gxto) (T0) / L%, 4, (dw)
X [to.t1]

wl(tl
/ )\t1t2 de)
Xt1,t2]
LY 1(tn—1) —BWx(w1,---,wn)
/ t )\tn 17t7z (dw ) ’
X —1:tn]

where

Wa@reenvwn) = [ xH(i®) AL
i=1"ti-1

On each interval [t;_1,t;], we define continuous functions A (t) = A(t), t € [ti—1,1:),
and Ag(t;) = A(t; —0), 1 <i <n. Let

Wiy (@) = [ 0w (). X)X 0.

ti—

We obtain:

/X . e_BW*(“’)]LA(dw)

=/ dxo qxto) (T0)
X

./[ . €W (1) =Bt () M) =R ) NE =L 20 (o))
Xlto-t1

ito,t1

. / P Wria (92) g=B(H(walt) Alt2)) =H(wa(t2) A2 =N L1 (45 . .
Xt fz]

Asta,to

/ e_BWA(n)(w")efﬁ(H(wn(tn)v)‘(tn)) H(‘-‘Jn(tn) A(tn*O)))]Lw" 1(tn 1)(dwn)
Xtn—1,tnl

tn—1,tn
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Let E5 denote the expectation relative to the measure g5 (x)dz. We can rewrite the
above relation in terms of expectations:

ELA [e_BWA]

= Exo)[Ev e PWaq) (@1) o =B(H(w1(t1),A(t1)) = H(w1 (1) At —0)) i)

Soes |
Aito,t1 Aity .t

N [6_5%(”) (un)e_g(H(wn(tn),A(tn))—H(wn(tn),A(tn—O)))] -

]L/\;tn,l,tn
(27)
Note that in (27) we always deal with a function of the form:
Xltrt] SR w0 @ pw(t), (28)

where f is bounded and Borel measurable by Assumptions 9 and 11. Applying
Corollary 2, we obtain:

- (W Z)\ i*O
i [T ()] = A2 Ea, o [f]- (20)
A(ti-1)

Also, note that the following relation holds:

Ext,—o0) [ePH(®:A(E)) =H(®.A(2:~0)) EL;;WM [F]]
ZA(t') Z)\(t')
— v E ) E . F = 7’LE F .
Z)\(t,-fo) )\(tz)[ LXstirtign [F]] Z)\(t,-—o) Lxsts tiga [F] (30)

Applying the identities (30) and (29) to (27), we obtain:

Iati=0) Iat)  OAta—0) Datn) A

Er 67’8W’\ = = .
y ] Zx(to) IA(t1—0)  ZA(tn_1) LA(tn—0)  Zx(0)

Corollary 3. (Corollary of Theorem 3) Let the assumptions of Theorem 3 be
fulfilled, and let f: X — R be bounded and Borel measurable. Then,

EvL, [(f o 7r) e W3] = By [f] B, [e 77 ™. (32)

Proof. We repeat the argument that we used in the proof of Theorem 3 to obtain
(27) in connection to the expression Ep, [(f o mr) e™?W2]. Instead of the very last
expectation in (27), we obtain

E wn,l(tn,l)[eiﬁWA(")(wn) f(wn(tn)) e—ﬁ(?—t(wn(tn),A(tn))—H(wn(tn),)\(tn—0)))].

H‘A:tn_l,tn
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Applying Corollary 2, we obtain:

—B8W. w — w tn))—H(wn (t -
Ei,. ..l FWA ) ) £ (£n)) €™ PHn () AEn)) =H(wn (0n): A(tn —0)))]
Z\(t,—0 _B(H(. (A —
= (=0 g, ;. _gyle P AW =HE A —0)) )
)\(tnfl)

_ Z\(tn—0)  LA(tn)
Zx\(tn_1) ZA(tn—0)

Exce) [f1- (33)

Ia(tn=0) _A(tn)
At —1) ZA(tn—0)

Zx(tn— Zx(tn . .
ﬁ ZA?tiL—L> Ext,)[f] according to (33). This gives (32). O

Instead of the multiplier in the relation (31) we obtain

4. Bochkov—Kuzovlev’s Identity

Here we give a rigorous mathematical proof of the identity announced in Refs. 4-7
where the authors used a different definition of work to that in Refs. 1 and 2. The
difference between the two definitions of work was analyzed in Ref. 3, and it was
found that

W(w) = Wo(w) = H(w(T), M(T)) = H(w(T), A(0)),

where Wy is the work in the Bochkov-Kuzovlev sense. We use this equality as the
definition of the new work Wy, and will prove the following theorem:

Theorem 4. Let the assumptions of Theorem 3 be fulfilled. Then,
Ep, [e™?™] = 1. (34)

Moreover, the identities (34) and (26) are equivalent.

Proof. Applying Corollary 3 and the identity (26) we obtain:
EL, [e?"°] = B, [e 7] Exr) [e =A@ (T)MT)=H(W(T),A(0))]

_pwy Zx0) 2y L) _

=L, |e =
ol Zxry  Zxo) Zxr)

1.

This relation also shows that the identities (34) and (26) are equivalent. m|
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