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Three steps of the construction of the measure W7,
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Improved result of P. Malliavin on the construction of a Brownian sheet on a
compact Lie group (1991)
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Formulation of results

Let M be a compact Riemannian manifold without boundary isometrically embedded
into R™,

Let P1 x P2 be a partition of the square [0, 1] x [0, 1], where
Pi={0=to< - <tn=1},Pa2={0=50 < --- < s = 1}
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Formulation of results

Let M be a compact Riemannian manifold without boundary isometrically embedded
into R™,

Let P1 x P2 be a partition of the square [0, 1] x [0, 1], where
Pi={0=to< - <tn=1},Pa2={0=50 < --- < s = 1}

Let W5 p, (s,t) denote a process starting at some point z € M, behaving on each

square [s;—1,s;] X [tj—1,t;] as a Brownian sheet on R™ conditioned to return to M at
all points (s;,t;) € P1 X Pa.
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Brownian sheet — picture for an intuitive understanding

W%l,Pz (Sk, tn) = W%hpz(l? 1)

W3, P2 (8k—151n)

W%)l,Pz(sl’tn) 3
;f
7

W5, 7, (Skstn—1)

YW, 5, (Sks t1)

W% 5.(0,0) =
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Formulation of results

THEOREM

ﬁ everyx € M, as |P1| — 0 and |P2| — 0, the distributions of W con-

verge weakly, relative to the family of bounded continuous cylinder functions, to a mea-
sure W% .. The measure Wy, has the following properties:

() considered as the distribution of a C([0,1], M)-valued process, W%, pos-

sesses a transition probability at time t which is the distribution of a Brownian
motion on M with variance t starting at the point x;

(i) considered as the distribution of an M -valued two-parameter stochastic process,
W3, possesses a transition probability at time (s,t) which is the heat kernel

measure on M at time st, i.e., if f € C(M), then

rom L If] = (e TAM f) (),

where 7 iS the evaluation mapping C([0,1] X [0,1], M) — M, w +—>

w(s,t), Ans is the Laplace—Beltrami operator on M, and e~ 2 M s the heat
semigroup.

Constructing a Brownian sheet on a compact Riemannian manifold ® E. Shamarova @ TU Kaiserslautern



Formulation of results

COROLLARY

Let M be a compact Lie group. Then, the stochastic field W7, with distribution W% -,
considered as a C([0, 1], M )-valued process, coincides with the Brownian motion on M
constructed by P. Malliavin A

aMaIIiavin, P., Hypoellipticity in infinite dimensions, Diffusion processes and related problems in analysis.,
Vol.1 (Evanston, IL, 1989), Birkhauser Boston, Boston, MA, 1990, pp. 17-31
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Formulation of results

COROLLARY

Let M be a compact Lie group. Then, the stochastic field W7, with distribution W% -,
considered as a C([0, 1], M )-valued process, coincides with the Brownian motion on M
constructed by P. Malliavin u

The method of construction of the stochastic field W, is very different to the
method of Malliavin

Malliavin, P., Hypoellipticity in infinite dimensions, Diffusion processes and related problems in analysis.,
Vol.1 (Evanston, IL, 1989), Birkhauser Boston, Boston, MA, 1990, pp. 17-31
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Approach
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Approach

O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact

Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.
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Approach

O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact
Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.

Their approach consists of the following stages:

consideration of the infinite dimensional manifold C([0, 1], M);
the manifold C([0, 1], M) is considered to be embedded into C([0, 1], R™);

consideration of the distribution of an M -valued Brownian motion as a surface
measure on C([0, 1], M);

approximation of this surface measure by “volume” measures on C([0, 1], R™),
where “volume” measures on C([0, 1], R™) are distributions of R™-valued
conditioned Brownian motions.
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Approach

O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact

Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.

In the present work, the approach of O. G. Smolyanov and H. v. Weizsacker for

Wiener measures is implemented to investigate Gaussian stochastic fields of two
time variables
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O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact

Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.
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time variables
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Approach

O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact

Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.

In the present work, the approach of O. G. Smolyanov and H. v. Weizsacker for

Wiener measures is implemented to investigate Gaussian stochastic fields of two
time variables

Namely

we consider the distribution of an M -valued Brownian sheet as a surface measure
on C([0,1] x [0,1], M)
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Approach

O. G. Smolyanov, H. v. Weizsacker, and their coauthors (O. Wittich, N. Sidorova)
investigated the approximation of a Brownian motion with values in a compact

Riemannian manifold M by conditioned Brownian motions on the ambient Euclidean
space R™.

In the present work, the approach of O. G. Smolyanov and H. v. Weizsacker for

Wiener measures is implemented to investigate Gaussian stochastic fields of two
time variables

Namely

we consider the distribution of an M -valued Brownian sheet as a surface measure
on C([0,1] x [0,1], M)

we approximate this surface measure by distributions of stepwise conditioned
Gaussian stochastic fields on the Euclidean space R™ enveloping the manifold M
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Notation

Let
W s be a Brownian sheet on R™,

W be the corresponding C([0, 1], R™*)-valued process
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Notation

Let
W s be a Brownian sheet on R™,

W be the corresponding C([0, 1], R™*)-valued process

Fory € C([0,1],R™), let
W¥ denote the distribution of the process W7 = y + W,
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Notation

Let
W s be a Brownian sheet on R™,

W be the corresponding C([0, 1], R™*)-valued process

Fory € C([0,1],R™), let
W¥ denote the distribution of the process W7 = y + W,

Forgb C([0, 1],R™), define
(W)t =1(t) + WY
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Notation

Let
W s be a Brownian sheet on R™,

W be the corresponding C([0, 1], R™*)-valued process

Fory € C([0,1],R™), let
W¥ denote the distribution of the process W7 = y + W,

Forgb C([0, 1],R™), define
(W)t =1(t) + WY

Let
Wy be the distribution of (Wy )¢

E,  be the expectation relative to the measure Wfb
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Notation

Let
W s be a Brownian sheet on R™,

W be the corresponding C([0, 1], R™*)-valued process

Fory € C([0,1],R™), let
W¥ denote the distribution of the process W7 = y + W,

Forw C([0, 1],R™), define
(W)t =1(t) + WY

Let
Wy be the distribution of (Wy )¢

E,  be the expectation relative to the measure Wfb

Let M be a d-dimensional compact Riemannian manifold without boundary isometrically
embedded into R™

U- (M) be the e-neighborhood of M
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Notation

Let
E* denote C([0,t], E), where E is a locally convex space
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Notation

Let
E* denote C([0,t], E), where E is a locally convex space

Let us assume that f is a bounded continuous cylinder real valued function on
C([0,1],R™)! = C([0, 1] x [0,1],R™)
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Notation

Let
E* denote C([0,t], E), where E is a locally convex space

Let us assume that f is a bounded continuous cylinder real valued function on
C([0,1],R™)! = C([0, 1] x [0,1],R™)

By a cylinder function f on C([0,1] x [0, 1], R™) — R, we understand a function for
which one can find a finite number of points 71, ..., ™, &1, ...,&, and a function

f : R"* — R such that

flw) = flw(m,&),w(T1,&2), ..., w(Tn, &)
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First Step of Construction of W7,

Measure WY _, 1 y(0) € M, (0) =0, (s,t) € [0,1] x [0, 1]
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First Step of Construction of W7,

Measure WY _, 1 y(0) € M, (0) =0, (s,t) € [0,1] x [0, 1]

= Ey,w{f(w)ﬂ WY $YEU. (M }

/ f(w)Wfb N t(dw) — lir% = y{( )t ( ()]E ]\; )}
T E— E ;

C([0,s],R™™)t w1 (W5 )e(s) (M)}
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First Step of Construction of W7,

Measure WY _, 1 y(0) € M, (0) =0, (s,t) € [0,1] x [0, 1]

= Ey,w{f(w)ﬂ WY $YEU. (M }

/ f(w)WZ N t(dw) — lir% = y{( )t ( ()]E ]\; )}
T E— E ;

C([0,s],R™™)t w1 (W5 )e(s) (M)}

We can imagine the stochastic field with distribution WY . ; as a Brownian sheet on R™

2=

conditioned it to return to the manifold at the point (s, t)
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Second Step of Construction of W,

- _
Measure W7, . :
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Second Step of Construction of W,

Measure W? _ ., :

¢ : R — M Brownian path on M, such that ¢(0) = x
P1={0=1to < t1 <--- <ty = 1} partition of the interval [0, 1]
El>w=(wi,wa,...,wn) € Bl x E2701 x ... x Fin~tn-1

On [0,t; —tj-1], wi(t) =w(tj—1+1t), @t 4, () = p(ti1 +1) —p(ti-1)
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Second Step of Construction of W,

Measure W*’E’S,73

¢ : R — M Brownian path on M, such that ¢(0) =
P1={0=1to < t1 <--- <ty = 1} partition of the interval [0, 1]
El>w=(wi,wa,...,wn) € Bl x E2701 x ... x Fin~tn-1

On [0,t; —tj-1], wi(t) =w(tj—1+1t), @t 4, () = p(ti1 +1) —p(ti-1)

T wi (t1)
/ f (7078a731 / W@Otl »S, tl dwl / WQO};thl,S,tQ—tl (dCUQ)

(105, Rm>1 C([0,s],R™)t1 ([0,5] R )t2—*1

n—1tn>

X 1 (tp—1—th —
/ Wﬁ@i( " s,:nfzn_l(dwn) flwi,wa, ... ,wn)

c([0,s],Rm)in~tn—1
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Second Step of Construction of W,

MeasurveE s P
’ ) 1

T w1 (t
/f(w ¢,3,P1(dw) /WSDOtl,S,tl(dwl) / lesl(tgl,)s,tz—tl(dWQ)

([0,s],R™)1 C([0,s],Rm)t1 ([0,s],RM)t2—t1

/ an 1(tn 1— n—2) (dwn)f(W1,WQ,...,wn)

—1tn 3 Sytn —tp—1

([0,s],Rm)in ~tn

We can imagine the stochastic field with distribution WQ’ s,p, @S a Brownian sheet on
R™ which is conditioned to return to the manifold at the pomts (s,t1),(s,t2),...,(s,tn)
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Third Step of Construction of W,

€T .
Measure WPl Py
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Third Step of Construction of W,

€T .
Measure WPl Py

s is a time parameter
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Third Step of Construction of W,

€T .
Measure WP1,7>2-
s is a time parameter

Po={0=1350 < s1 <---<sg =1} another partition of [0, 1]
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Third Step of Construction of W,

Measure W;@l’%:
s is a time parameter
Po={0=1350 < s1 <---<sg =1} another partition of [0, 1]

XL WP
W¢a877)1 = WS7P1
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Third Step of Construction of W,

Measure W;@l’%:
s is a time parameter
Po={0=1350 < s1 <---<sg =1} another partition of [0, 1]

we Py :>Ws73

(P’S7 1

/ fW)WE, p, (dw) / WSl P, (dw1) / W:;Sssll),Pl (dw2) - - -

C([0,1],Rm )1 C([0,1],R™)51 C([0,1],R™ )52 51

/ an_l(sn_l_sn_2)(dwn)f(CUl,...,wn)

S?’L_Sn—17731

C([0,1],Rm)®n " n—1
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Third Step of Construction of W,

€T .
Measure WP1 Py

([0,1],rRm)1 C([0,1],R™ )1 ([0,1],R™ )52~ 51

/ W< 7 () e )

C([0,1],Rm)*n " 5n—1

We can think of the stochastic field with distribution W%l P, @S of a Brownian sheet on

R™ which is conditioned to return to the manifold at the points of the partition P; x P2 of
the square [0, 1] x [0, 1]
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Theorem about a Brownian Sheet

THEOREM

Forevery x € M, as |P1| — 0 and |P2| — O, the distributions of W5, converge

weakly, relative to the family of bounded continuous cylinder functions, to a measure
W3- The measure W%, has the following properties:

(i) considered as the distribution of a C([0, 1], M)-valued process, W%, possesses

a transition probability at time t which is the distribution of a Brownian motion on
M with variance t starting at the point a;

(i) considered as the distribution of an M -valued two-parameter stochastic process,
W3, possesses a transition probability at time (s, t) which is the heat kernel
measure on M at time st, i.e., if f € C(M), then

zom L [fl = (e7 TAMf) (),

where 75+ IS the evaluation mapping C([0,1] X [0,1], M) — M, w +— w(s, t),
A is the Laplace—Beltrami operator on M, and e~ zAM s the heat semigroup.
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Theorem about a Brownian Sheet, Outline of Proof
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Theorem about a Brownian Sheet, Outline of Proof

f: dp:R™ =R, t,s€]0,1], f(w) = plw(t,s))

— J fw)Wh 5 (dw) =
C([0,1],Rm )1
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Theorem about a Brownian Sheet, Outline of Proof

2
g — |2 _IPn_1-2n o] jn—2p_1l?
T oAsIALL 2A —
f e 28518171 dpq f e S18tn—1 dp. 1 f e 28s18tn (g,
M M M
_ |21—Z|2 |Zy 1 —@p_ol? |Zp —@y 12
2As1 At T T 2As1A — T 2As1A 7
[e 1481 dT [e 181 dz,_q [ e s18tn dz,,
M M M
2
lyp —x1 |2 _|yn—1—ynA—2—Axn—1+fEn—2| [Yn —Un_1—2nte,_1]?
T 2As5At 2As9At, -
f e S2 1 dyl f e 2 n—1 dyn—l f e 2As59 Aty dyn
M M
I . Un—1-Yn_2-wTp_1te,_ol? _lIn—yp_1-zntz, q|?
M M
_Jug—=21]|? Jup_1-un_9—zp_1+zp_2l” |lun —up 1 —2n+2n_1|
2A At 2A At o 2A At
fe Sk—1271 dyy f e Sk—12tn—1 Aty —1 f e Sk—12tn duy,
M M
_ |A171—Z1A|2 . g 1 —Up_2—2p_1+2y 2|2 |an —uy 1 —2n+2n_112
2Asp 1At = - 2A At _ - _
fe k=121 duq f e Sk—12tn—1 dUp—1 f e 28514880 dun
M M
2
|v1—u1|2 _|Un—1_vn—2_un—1+un—2| |vn—vn_1—un—|—un_1|2
SAsLAtT 2As. At -
f e T 2As, Aty d’U1 f e SpAtp—1 d’Un—l f e 2As, Atp p(vn)d’un
M M
|2UA1_uA1t|2 . Itp1—vp 2 —up 1 tugn 2l? |on vy —untu, g3
f e Sk 1 d’Ul f e 2As5, Aty 1 d@n—l f e 2As, Aty d@n
M M
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Theorem about a Brownian Sheet, Outline of Proof
f: dp:R™ =R, t,s€0,1], f(w) =p(w(t,s))

J f(w)w%l,PQ (dw) =
C([0,1],Rm )1
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Theorem about a Brownian Sheet, Outline of Proof

f: dp:R™ =R, t,s€0,1], f(w) =p(w(t,s))

J f(w)w%l,PQ (dw) =
C([0,1],Rm )1

LEMMA

As |P1| — 0 and |P2| — O, converges to (e_%tAMp) ().
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Theorem about a Brownian Sheet, Outline of Proof

Asymptotics for integrals of Gaussian type
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Theorem about a Brownian Sheet, Outline of Proof

Asymptotics for integrals of Gaussian type
PROPOSITION 1

Let g € C?(M). Then,

1 |z—y|? t
z)e” 2t Ap(dz) = — = scal
pa | o) M(d2) = 9(y) — = 9(y) seal(y)

t

— —9(y) A A ly — -

2
i a

t

where |R(t,y)| < Kt'/2, K is a constant, scal(y) is the scalar curvature at the point .

Constructing a Brownian sheet on a compact Riemannian manifold ® E. Shamarova @ TU Kaiserslautern



Theorem about a Brownian Sheet, Outline of Proof

Asymptotics for integrals of Gaussian type

PROPOSITION 2

Letg € C?(M),y € M,0 <t <t <1,u; and us be such that |us — u1| < t§, a > 0.
Further, let Prjy; be the mapping of projection onto the manifold M along the subspaces
normal to M which are defined in a proper neighborhood of M, (u2 — u1)%, and

(u2 —u1)’ be defined as

(u2 —ul)gjw =Pry(y+us—u1)—y, (uz—u1)” =y+us—us —Pry(y+us—u1).
4

Then, the following asymptotic holds:

2
_lz—y—(ug—uq)|

Ja 9(2)e 2t A (dz)

lz—y—(ug—uq)|?

fMe 2t A (dz)
+9(y + (u2 — u1)4 )Ry, uz — u1) + tRa(t, t1,y, uz — u1);

= g(y+ (uz —u1)y,) — %AMQ(CU + (u2 —u1)y,)
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Theorem about a Brownian Sheet, Outline of Proof

Asymptotics for integrals of Gaussian type

PROPOSITION 2

. |z2—y—(ug—uq)|?
Jar 9(z)e 2t A (dz)

lz—y—(ug—wuq)|?

IV 2t A (dz)
+9(y + (u2 — u1)4 )Ry, uz — u1) + tRa(t, t1,y, uz — u1);

=g(y+ (uz —u1)y,) — %AMQ(CU + (u2 —u1)y,)

for the rest terms, we have: |R2(¢,t1,y, u2 —u1)| < Koty (K2 is a constant),
)= 1 Y W2
R(y,uz —u1) = 4(AM’6(3/ + (w2 —u1)y,), (U2 —u1)?)

N
+> > k) [T DGO, (w2 —w)) (y + (uz — w)Y,),
n=3

Ihi+-+ls=n

where 2 is the isometric embedding of the manifold M into R™, DJQ\’}' are differential
operators on M of the form Df\ji — (/\ij:1 VE\Z’”, /\ij:l V%}’f)); the number N is

chosen so that {1V < ¢
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Theorem about a Brownian Sheet, Outline of Proof

With the help of Proposition 1 and Proposition 2 we get an asymptotic expansion
for the integral
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Theorem about a Brownian Sheet, Outline of Proof

With the help of Proposition 1 and Proposition 2 we get an asymptotic expansion
for the integral

We compare the asymptotic for with the asymptotic for
e—%tAM _ 6_ A812At1 AM o e_ ASkQAtn AM

applied to p at the point =, where for each of the exponents we use the asymptotic

e~ T LAM — ] _ 52 I A+ O((As; At;)?)
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Theorem about a Brownian Sheet, Outline of Proof

With the help of Proposition 1 and Proposition 2 we get an asymptotic expansion
for the integral

We compare the asymptotic for with the asymptotic for
e—%tAM _ 6_ A812At1 AM o e_ ASkQAtn AM

applied to p at the point =, where for each of the exponents we use the asymptotic

e~ T LAM — ] _ 52 I A+ O((As; At;)?)

Up to terms converging to zero as |P1| — 0, |P2| — 0, the asymptotics will
coincide
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Theorem about a Brownian Sheet, Outline of Proof

With the help of Proposition 1 and Proposition 2 we get an asymptotic expansion
for the integral

We compare the asymptotic for with the asymptotic for
e—%tAM _ 6_ A812At1 AM o e_ ASkQAtn AM

applied to p at the point =, where for each of the exponents we use the asymptotic

e~ T LAM — ] _ 52 I A+ O((As; At;)?)

Up to terms converging to zero as |P1| — 0, |P2| — 0, the asymptotics will
coincide

Thus, it is proved that
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Theorem about a Brownian Sheet, Outline of Proof

With the help of Proposition 1 and Proposition 2 we get an asymptotic expansion
for the integral

We compare the asymptotic for with the asymptotic for
e—%tAM _ 6_ A812At1 AM o e_ ASkQAtn AM

applied to p at the point =, where for each of the exponents we use the asymptotic

e~ T LAM — ] _ 52 I A+ O((As; At;)?)

Up to terms converging to zero as |P1| — 0, |P2| — 0, the asymptotics will
coincide

Thus, it is proved that

Wi lp(w(s,t)] = (e~ 2 *¥p) (@)
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Corollary — An impoved result of P. Malliavin
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COROLLARY

Let M be a compact Lie group. Then, W% | considered as the distribution of a

C([0, 1], M)-valued process, coincides with the distribution of a Brownian motion
constructed by P. Malliavin
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Corollary — An impoved result of P. Malliavin

COROLLARY

Let M be a compact Lie group. Then, W% | considered as the distribution of a

C([0, 1], M)-valued process, coincides with the distribution of a Brownian motion
constructed by P. Malliavin

OUTLINE OF PROOF

For a C([0, 1], M )-valued Brownian motion of Malliavin, the following statement
holds: if we fix ¢, the obtained process is a Brownian motion on M with variance <.

— (Coincidence of finite-dimensional distributions

—> W7, is o-additive, and coincides with the distribution of a Brownian motion of
P. Malliavin
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Conclusion

We constructed an M-valued stochastic field W7, (s, t) with distribution W7 - such that
the stochastic processes W7, (-,t) and W7, (s, -) are Brownian motions on M with
variances ¢t and s, respectively.
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Conclusion

We constructed an M-valued stochastic field W7, (s, t) with distribution W7 - such that
the stochastic processes W7, (-,t) and W7, (s, -) are Brownian motions on M with
variances ¢t and s, respectively.

W4, has been defined only on cylindrical subsets of C([0, 1], C([0, 1], M))
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Open problems

CONJECTURE: W is o-additive, and hence, it can be extended to the o-algebra
of Borel subsets of C([0, 1], C([0, 1], M));
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Brownian motion to studying infinite-dimensional Schrédinger diffusion processes
on manifolds;
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Open problems

CONJECTURE: W is o-additive, and hence, it can be extended to the o-algebra
of Borel subsets of C([0, 1], C([0, 1], M));

— CONJECTURE: System of measures W5, p, is tight;

Heat equation on the manifold C([0, 1], M);

— Definition of the Laplace operator Ac((o,17,ar) N C([0, 1], M);

SDE for a C(][0, 1], M )-valued Brownian motion, compare with the result of
Malliavin;

Application of the approach developed for constructing a C([0, 1], M )-valued
Brownian motion to studying infinite-dimensional Schrédinger diffusion processes
on manifolds;

Heat equation on the manifold C([0, 1], M) is a step towards treating
infinite-dimensional Schrédinger equations on manifolds.
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Thank you
for your attention
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