Constructing a Brownian sheet on a compact Riemannian manifold

Abstract

Let M be a compact Riemannian manifold without boundary, isometrically
embedded into R™, and let P; x P, be a partition of [0, 1] x [0, 1], where P; = {0 =
tg < - <ty =1}, Po={0 =150 <--- < s, = 1}. Let W5, 5 p,(s,t) denote a
process starting at some point = € M, behaving on each square [s;_1, ;] X [t;—_1, ]
as a Brownian sheet on R™ conditioned to return to M at all points (s;,t;) €
P1 x Po. We obtain the following result:

For every x € M, as [Pi| — 0 and [Pa| — 0, the distributions of W%, p, p,
converge weakly relative to the family of bounded continuous cylinder functions to
a measure Wi,. The measure W%, has the following properties:

(i) considered as the distribution of a C([0, 1], M)-valued process, W%, possesses
a transition probability at time t which is the distribution of a Brownian
motion on M with variance t starting at the point x;

(ii) considered as the distribution of an M -valued two-parameter stochastic pro-
cess, W%, possesses a transition probability at time (s,t) which is the heat
kernel measure on M at time st, i.e., if f € C(M), then

Wi om ) [f] = (e7 2% f)(x),
where 74 s the mapping C([0,1] x [0, 1], M) — M, w — w(s,t), A is the
Laplace—Beltrami operator on M, e M s the heat semigroup.

A corollary of this result generalizes a result of Malliavin [7].

Let M be a compact Lie group. Then, the stochastic field W7, with distribution
W%, considered as a C([0,1], M)-valued process, coincides with the Brownian
motion on M constructed in [7].

1 The first step of the construction of Wy,

Let W, be an n-dimensional Brownian sheet. Consider W, ¢ as a Brownian
motion taking values in the space C([0,1],R™) (in the sense of the paper [7])!.
We denote this process by the symbol W;. Introduce the following notations: if
FE is alocally convex space (LCS) then E' denote C([0,¢], E); if y € C([0, 1], R™)
is a function of a variable s, then WY denotes the distribution of the process
Wi =y + W, If ¥ € C([0, 1], R™), then for each t € [0, 1] define (W}); =
Y (t) + WY. Let Wi be the distribution of this process, E,,, be the expectation

relative to the measure WZ Further, U.(M) denotes the e-neighborhood of
the manifold M. We will Consider W;yb for functions y and v satistying the
conditions: y(0) € M,(0) =

By {f (W) Lws),s)ev. )y }

/ W) = i T s e vany M

LA Brownian motion with values in C([0, 1], G) where G is a compact Lie group was constructed in [7] by
Malliavin



Before the prove the existence of this limit we consider the process (Wfp It =
Y(t)+ B; where ¢ : [0, 1] — R™ is a continuous function satisfying the condition
¥(0) = 0 and Bj is a multiple Brownian motion with the parameter s starting
at the point z. The results obtained for this process will be applied for the
further construction.

Some results for the process (W7, ). Let W7 denote the distribution of the
process, (W7 )i, E. 4 s be the expectation relative to this distribution. We prove
the existence of the weak limit of the measures in the right hand side of the
equality below relative to the family of cylinder functions. More precisely we
prove that the following limit exists

/ flw (dw) = lim B sl f (@) Iows ety } (2)
Mi/J s,t e—0 Wfbﬁ{(w’j}ﬁ)t c UE(M)} .
([0,t],R™)

We find a function f : R*! — R and a finite number of points 7y, ..., 7}, such

that f(w) = f(w(m),...,w(m),w(t)).
/ flw M, sildw) =1 fC([Oat],Rm) (W) L wpyev. () Wfp,g(dw)

= 11In
e—0 We {w:w(t) € U(M)}
Ot JR™)
. Jeoarm @+ 2+ ) Lpwmev. (v—z—p() W o(dw)
50 Wi {w :w(t) € UM — 2z —9(1))}

1 W W
=1 . P d P - T dzs) . ..
Eu‘r(l) PV 0, Uo(M — 2 — (1)) /m (11,0, x1)/m (19 1,21, dTs)

/ BY(t — 1y, g de) F@n + 2 4 0(r)s e 2h 2+ (70),
(M—y(t)—=) xk+1+z+¢(t))

zZ—X 2
where PV (7,2, dz) = ? 1 )gle| 7+-dz is the distribution of a multiple Brownian
ST

motion with the parameter s. Since the function under the integral sign is
bounded, by the Lebesgue theorem it suffices to prove the existence of the
limit
f fN(xl + 2+ 77b(7-1)7 vy Tkl + 2+ ¢(t))PW(t — Tk, Tk, dxk—Fl)

lim (Ue(M—1)(t)—2))
e—0 PW(t,0,U.(M — z —(t))

[ flar+z+9(m), . o + o+ 2+ 00))PY(E — 7,0, gy
— lim Ue(M—9(t)—z—xy)

Since we integrate relative to the variable x5, and the other variables are fixed,
we can eliminate the other variables from our consideration when introducing
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the following notations: g(z5.1) = f(z1 + 2 + (1), . .., Tper + Tx + 2 + (1)),
My =M —(t) — z — xp, My = M — z —1)(t). Further, we rewrite this limit in
the following way:

‘xk—xlﬁ-ﬂz
1 s
WIUAM)@ 2070 g(Tp41)dTp

lim

e—0

(3)

|ﬂ%.~.1|2
(27Tst fU (Mz) e = dwk—i_l

Let A\, = W l]U Ay and pe = W l|U ay)» Where [ is the Lebesgue
measure on R, Then for the last limit we get

\$k+1—%\2
me g(xri1)e =W A (dwgyr)

N |zgy 112
6 0 me B kQ—gtl :us(dxk—Fl)

LEMMA 1. The measures \. and . converge weakly to the surface measures M
and Moy respectively as € tends to zero.

Proof. Since M is a smooth compact Riemannian manifold (and hence, so are
My and M), we can find an e-neighborhood of the manifold M where the
normal spaces at each point of the manifold M do not have common points.
Let g be an arbitrary uniformly bounded function R™ — R. Pick a number ¢
such as discussed above and such that |g(z) — g(y)| < ¢ for all |x — y| < e.
Further, denote by A° and p° (with the index £ on the top) measures on the
manifolds M; and Ms respectively, defined on Borelean subsets of the manifolds
My and M; in the following way: A°(B) = \.(B°) where

and N(x) denotes the normal space at the point = (the measure pu. is defined
analogously on Ms). We prove the result only for the measure A. omitting the
index 1 for the manifold M; for simplicity of notations. Clearly, every point
of the e-neighborhood where the normal spaces do not intersect each other,
can be uniquely presented as = + tn, where n, € N(x). Define a new function
g(x+tn,) = g(x) for x € M, |t| < €. Obviously, for all x € U.(M) |g(z)—g(z)| <
e. As ¢ tends to zero, the measures A\° converge to the surface measure \j; on
every Borelean subset of manifold M, and hence, weakly. We have

/UE(M)g(:U)/\E(dx) :/ )\ (dx) H/ ) Ay (dz) .

‘/mg(x)kg(dx) — /[]E(M)g(:c))\g(da:)‘ <eX(U.(M)) < Ke
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where K is a constant. From this it follows

lim g(x)A(dx) = /Mg(x))\M(dx) :

e—0 Rm

[]

The proof of the existence of the limit (1). There exist a function f -
([0, s, Rm)k“ — R and a finite number of points 7,79, ..., Tk, such that
(w) = flw(m),w(m),...,w(1),w(t)). For this function we find a function

R(k+1)-(1+1)

f
f — R and a finite number of points &1,&2,...,&, such that

flwlm),w(m),. .., wm),wd) = flwlr, &), ... wm,&),. .. wlt, &), w(t, s))

(without loss of generality we can consider that the functions f and f depend
on w also at the points ¢ and s). Taking into account that the process W; is a
Markov process (see [7]), we get

J (W) Lot s)ev. ()} WZ(dw)

e—0 Wg}{w rw(t,s) e U(M)}

f flw+y+ w>H{w:w(t,s)eUe(M—y(3>_1/)(t>)}wo(dw)
~ lim C([O,s],R:”)t
£—0 Wo{w : w(t, 8) S UE(M — Z/(3> - @b(t))}

fPW(Th 0, dw,) fPW(Tz — 71, Wy, dws)
_ i, CU0LE™) (0,5, R™)

=0 Woom o (UM —y(s) — 9(t)))
/ ]P)~ (t—Tk,wk,dwk+1)
w5 (UM =9 (t)—y(s)))
f(w1+3/+”¢(71) wk+y+¢(Tk)awk+1+y+¢(t))

Since the function under the integral sign is bounded, it suffices to prove the
existence of the limit as € goes to 0, for the following quantity

/ flwr+y+9(n), ..., w1 +y + w(t))PW(t — Thy Wi, AWp41)
T (U (M= (t)—y(s)))

WO o mlom Y (UM —y(s) — 1(t)))

[ Fwr+y+9%(m), ... wip1 + w4y + V()P (£ — 73,0, dwysr)
SHUA(M—=p(t)—y(s)—wk(s)))

WO o o m HUL(M — y(s) — ¥(t)))

Since the integration variable in the last integral is the variable w1 then for
simplicity we introduce a function g expressing dependence on w1 only. More
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precisely the function g is such that f(wy+y+1(m), . .., Wi +wp+y+1p(t)) =

g(wri1(&1), - - - wrs1 (&), wry1(s)). Proceeding with the above calculation we get
|12 _ |2y 1 oy
W&, Thys,t) [ e 0 dry .. / g(z1, .. wpg) e ST day
R™ UE(M—w(ﬁ)—y(S)—wk(S))
1 2112
(27rst)% f e dajl

where [(&, Tk, 5,t) = (Qﬁ(t_T:))(m)m (61(62—61)1 — . And now we need to prove

the existence of the limit

_ |2y 1~y
S Lo (vt —p0)-y(5)~wn(s) (@1, - -, 1) € VT dapy g
lz112 ’

me Lo (v-p(t)—y(s)) € 2 doy

lim
e—0

This limit has the form (3) and its existence is proved above. Hence the existence
of the limit (1) is proved for the family of cylinder functions.

2 Asymptotics for integrals of GGaussian type

PROPOSITION 1. Let v be an isometric imbedding of the manifold M into R™,
g€ C*(M). Then

(2;); _/MQ(Z) N Au(dz) _g(y)-l-;g(y)(C(y)—scal(y))—%AMg(y)-HR(t’y)’
(4)

where |R(t,y)| < Kt'/? and K is a constant which is independent of y; the
function c(y) has the form:

Z Z(@az (9:133) ’ (5)

where ' are normal coordinates in a neighborhood U, of the point y provided by
a homeomorphism of U, on a neighborhood U of the point zero in R?, i is the
imbedding v written in local coordinates x'. Independently of local coordinates,
c(y) can be written as

1

1
e(y) = =5 Aulur ly — - [*], = 3 scal(y) , (6)

and hence, c(y) depends only on the imbedding 1.



Proof. It is well known that [2(z) — «(y)|> = d(y, 2)® + o(y, z) where d is a
geodesic distance in M and ¢(y,z) = O(d(y,2)*). Let ¢, : U — U, be the
diffeomorphism providing the normal coordinates in Uy, f,(x) = ¢(y, ¥y (z)),
hy(x) = +/det g;;(x) g(¢py(x)) where g;; is the metric tensor. We have

/ et g(z)AM(dz):/ e g () M (d2) :/ewlz{ymhy(fﬁ)d%
U U v

Yy Yy

By results of [4]

t
16

/ e w by (@)da = hy(0) + %Ahy( ) —
U

(2rt) hy(0)AAS,(0) + Ry (7)

]IS

where |R;| < Kt'/?, and K is a constant. As it was mentioned in [4] the sets
{o(y,-) 1y € M} and {g;;(y) : y € M} are uniformly in y bounded in C°(M)
and C3(U) respectively, and the neighborhood U can be chosen independently
of y. This implies that the constant K can be also chosen independently of .
Note that h,(0) = g(y), and as it was calculated in [4] Ah,(0) = —Apu(y) —
su(y)scal(y). Calculate AAf,(0). Note that AAd(y, ¢, (z))? = AA|z* = 0,
and hence AAf,(0) = AA (|10 ¢y (x) — 1(y)|?) |s—0. We have denoted 201, as i.

Taking into account this we get

AAL,(0) AAZ ))?|amo -

It is easy to see that the result of the calculation of the right-hand side does
not depend on i(0), so we may assume that i(0) = 0. It is well known (see for

example [15]) that
0i* 01
g9ij(w) = (%i@(l‘) :

From this we get

8292']' 2 e 62 (v 82 -y
= oxtox’ Z Z <8xl(9x3> Z Z oxl 8x1 2(9x9 Z Z (0x%)? (07 )?
(8)

Further
0*(i%(z))* 0i*(@)\? | o (O%i%(x) _, o 0P (@)
;W_2;< 5 > +i%(x) e —2gﬂ+222 (x) @0

Differentiating the last equality twice in 2, taking the sum in ¢ and j, and




using (8) we get

AA Z |1’ 0— 2( azﬂ 2 Z Z agjj 81’2 28.17] (0)
62 e 82 Y]
+ZZ%ZWOD
d%g; 32%
~2(E a0+ Z 50 - = Egiam) ©)

i,]

In normal coordinates the metric tensor has the form [14]
1
gij(x) = (5¢j + gRikl]‘xk(IZl + O(\x\4)
where Rjj; is the curvature tensor. From this we have

02q.; 2 2 02y 1
(axéj)jz (0) = 3Rt (0) = =3 Rijiy(0) » 5755(0) = 5 (Riij(0) + Rijis (0)) -

3

In normal coordinates R;j;;j(x) = scal(x) (see [15]). The scalar curvature does
not depend on choice of local coordinates, and hence it only depends on a point
of the manifold. Taking into account this, we get

82gjj 8Qgij 1
%;(&ﬂﬁan+_@jaﬂaﬂ“”“_§“ﬂ“w'

Finally
AAf,(0) AAE: ))?|om0 = —2(3scal(y) + c(y))

where ¢(y) is defined by (5). ThlS implies also (6) if we take into account that
the operator Aj; in normal coordinates becomes the opposite to the ordinary
Laplace operator. Choose now neighborhoods U, of the form: U, = {z € M :
|z — y| < e} where € is chosen as follows. As it was mentioned in [4] the
diameter of the neighborhood of the point y where we can introduce the normal

coordinate system, bounded from zero, say by e. Define each U, with the help
of this e. We have

(277125)5/]\4\(] g(z)e - A (dz) < (2733 /\g A (dz) < < 312 (9)

for ¢t smaller than some number ty. The last estimate holds uniformly in ¥ for all
t < to. Substituting the expressions for Ah,(0) and AAf,(0) into (7) and taking
into account (9) we get (4) with R(t,y) satisfying |R(t,y)| < Kt'/?, where the
constant K is independent of y. ]



COROLLARY 1. Let g € C?(M). Then we have the following asymptotic:

_lz—yl?
fMg 2t )‘M(d’z)
Jare” |223| A (dz)

=g(y) — %AMg(y) +tRi(t,y) (10)

where |Ri(t,y)| < KitY? and K, is a constant which is independent of y.

Proof. The statement of the corollary easily follows from the the above propo-
sition applied to the functions g(y) and g(y) = 1 respectively. ]

PROPOSITION 2. Let 1 be an isometric imbedding of the manifold M into R™,
geC?*(M), ye M, 0 <t <t <1, u and uy are such that |uy — uy| < t¢,
a > 0. Further let Pry; be mapping of projection onto the manifold M along the
subspaces normal to the manifold which are defined in the proper neighborhood
of the manifold, (uy —u1)y; and (us —uy)’ are such that:

(ug—w)y; = Pry(y+us—w)—y, (ug—w)" =y+us—u—Pry(y+us—uq).

Then the following asymptotic holds:

_szy uz up)[?

fM IZ y— (u2 up)|? )\M(dZ)
+ g(y + (UQ — U1) )R(y, Uy — ul) + tRQ(t t1,Y, U — ul) (11)

= g(y + (ug —w1)y,) — —AMg(y + (ug — u1)y)

for the rest terms we have: |Ra(t,t1,y,us — u1)| < Kot{ (K is a constant),
1
Ry, uz —w1) = = (Aarely + (uz — ur)}y), (ug — up)")?

N
£33k [T DGO, (=) (y + (w2 — w)ly),
n=3

i+ +l,=n
(12)

where D?Wl are differential operators on M having the following form DQ’Z" =

(/\ZZIVEW), /\k IV( )) the operators are applied to a product of l; functions, iy
and ji are numbers from 1 till [; which have the meaning of the function number
in the product on which the corresponding operator acts; the index 2 says that
ir. and ji take the same values exactly 2 times, k(n) are rational functions; the
second sum in the last term contains a finite number of items, the number N is

chosen so that t(lN_l)a < t.



Proof. We have

R R lz—<y+<w—uw?w—(uz—ulfi\2

fMg )‘M(dz) . fMg - 2t )\M(dz)
zZ— u u T zZ— u u —Uu Y 2
fMG lz—y—( 1o DI )\M(d2> fMe lz—(y+(ug— 1)%) (ug—up)7 | )\M(dz)
lz—(y+(ug—up)¥ )2 (2= (y+(ug—u)Y,) . (ug—u1)¥)
B fMg i Y gt 1)pm e Y 2 1tM 2741)) )\M(dz>
o (ug—u)¥ )2 (2= (y+(ug—up)¥ ). (ug—u7)Y)
fM —(y+ 2 1%Yi o y+(ug 1tM 2-U1)7 )\M(dz)

Everywhere below K, R, K are some constants (not necessarily equal). We
choose an e-neighborhood Uy (y,—q,)y, of the point y -+ (uz —uy)j,, and fix there
a system of normal coordinates. We have

|z7(y+<u27u1>g4>|2 (z—(y+(ug—u1)4 ), (ua—u1)¥) K B__<
/ 2 e i A (dz) < ( ") :

27Tt

y+ u2— “1)]»[

Let h, and f, denote the same as in the proof of the Proposition 1 but relative
to the point y + (ug — u1)Y;, more precisely f,(z) = ©(y + (ug — w1)Y;, ¥y (2)),
hy(z) = /det gij(w) g(y(z)), where ¢, : U — Uy (4,—u,)y, is @ homeomorphism
providing normal coordinates xj in the neighborhood U, 4,y , gij is the
metric tensor. Further we will calculate the integrals in the numerator and de-
nominator relative to the system of normal coordinates x, in the neighborhood
Uyt (ug—uy)y, Of the point y+(uz —wu1)y,. Note that z— (y+(uz—u1)}y,) = 2+ f(z)
where z belongs to T, T (uz—ur)Yy - the tangent space to the manifold M at the

point y + (uy —u1)Y,, f(z) is orthogonal to T, y+(us—uy ), and such that f(0) =

g—i(O) = 0 for all k. Since (uy —u1)" is orthogonal to T (,—y,)v , We have
(2= (y + (w2 —w)}y), (2 — w)) = (f(2), (w2 —w)")
1, 0% 1 P f

2 Gy + (12 =) 7'+ G (G g (e — L) atata”
+ 1 fll40(z) ] * ¢ .

Let v; denote the Gaussian distribution with the covariance matrix t/. Let ¢t be
sufficiently small such that for all 0 < k£ < 3N

/R ) <o (13)

Further, let 6; denote functions satisfying the condition |6;] < 1



We have

(f@),(ug—up)¥) 1, 8%f zla
=1 -\ — y
¢ + 2 ( Ox'0xJ (U2 ul)L) t
1 an y xilxi2xi3
+ 6< &Uil(?x@ax% ’ (uz B ul)i) t

xil e a’;iZn

N-1 n
Yy
+ Z 2"71' H 856125 1837225 (UQ - ul)l) m
n=2
N—_1

n—
Y
Z"n' H 8x125 1333125 , (g — ul)l)
a3f y l’zl . xi2n+l
8 <axi2maxi2naxi2n+1 (w2 = ul)J_) .
| |4 ‘x‘QN—i—S

(1 Flla0) ==+ 1 F13 617 30 ok (s, N, () y

t

1 2 (F(@),(ug—up)¥)
_ / eXp(_M) hy(z)e —+ —dx
Rd

(27t)= 2t
_ L oY, i 1 llsO (@)
_/ ((1 A8t Q' - - -8xi4(0)x R t )
11 1 a2hy il i2 3
% (hu(0) + 520 +§axhaxz‘z(0)x 2 4+ [|hylls 02() |2
N—

(1 + Z 2nn| H a.TZZb 181'125 ) (u2 o ul)ij—) xt—n

+ Z 3- Q”n' H 8:15’28 last (0), (uz = ul)i)
83f

( Oxlzn—1)xi2n Qrlznt1

0.l
(0), (ug — w)") —————

‘ ‘4 |x|2N+s

1l 6y St 4 I et S k(s M@)o alde) (14)

The number N is chosen so that ¢V < tt{. The norms ||f||; introduced as
n [4]. By condition (13), replacing the integration over the whole space RY
with the integration over the neighborhood U gives the rest term which is not

bigger than K tt.

10



Performing the integrating in (14) we get

1 2 (F(@),(ug—u1)¥)
e L
L) 2 Rd

= y(0) + LAR(0) — L O AAL(0) + HAFO). (12— 1))

+ZMZ [T D). (w2 — w)))"(0) + R(t.11). (15)

l1+ +l =N

Here D> are differential operators of the form D% = (A V() Al U0,
the operators are applied to the product of [; functions, 7, and j; are numbers
from 1 till /; having the meaning of the number of the function in the product
on which the corresponding operator acts, the index 2 says that the indexes 1,
and j; take the same value exactly 2 times; the second sum in the last term
contains a finite number of terms, R(¢,t;) is the rest term which we estimate
later. Note that Af(0) = Ap(y + (ug — w)4,), D(F(), (uy — u1)?)4(0) =
D2 ((-), (ug — ur)? ) (y + (uy — wp)Y,). Further, applying the Proposition 1 we
get

|z—(y+(ug—uq)¥ NE (z—(y+(ug—u1)¥ ), (ug—uq)¥)
/ ¢ T g(2)e r “r(d2) = gy + (us —w)Yy)
M

1A 1
- §AM9(ZU + (ug —wr)yy) + 3 g(y + (ug —w1)y,)

X (C(?ﬁr (ug —u1)},) — scal(y+ (ug —u)4,)) — %(AMZ(%L (w2 —u1)y,), (w2 —u1)’)

+Z S T DR (ue —w)!) 'y + (us — w)Yy) + Rt t).

Q”n'
li+-+ls=n
Finally we get
B \Z*(y+(U2*u1)gf\4)\2 (z=(y+(ug—u1)4 ), (ug—u1)Y)
NG 2 g(z)e ‘ Ay (dz)

lz—(y+(ug—up)§ )12 (z=(y+(ug—u)¥)). (ug—u1)¥)

e 2 e z A (dz)
= 4l + (s — w)§) (1= §(Basly + (o — wn)y), (2 — )

N-1
+22 km) JT DRG0, (=) + (2 = w)f)
n=3

Lo tl=n

- —AMg(y + (u2 —w1)yy) + R(t 1),
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k(n) are rational functions, R(t,t;) is the rest term; by the equality
2|2V oy, (dx) = KKtV T2,
Rd

R(t,t1) is not bigger than K tt{. O

3 The second step of construction Wy,

Let Py = {to =0 < t; < ... <t, =1} be a partition of the interval [0, 1],
¢ :[0,1] = M — x a continuous function such that ¢(0) = 0. If £ is a LCS
then every w € E' can be identified with the n-tuple (wi,ws, ..., w,) € B x
E2=hx . x E'~In-1 where wj is defined on the interval [0,¢; —¢;_1] by w;(t) =
w(tj—1 + t). Define the function s, . on the interval [0,¢; — ¢;_1] by

Spti—lti(t) - Qp(ti—l + t) - Qp(ti—l) .

Define the measures Wy, p and W2, .50, Dy the formulas

W1 tl
/ h(W) Mgo ] ’Pl / WM POt +S t1 dwl /WM PtqtgsS,t2—t1 (de) cet
C([0,1],R™) C([0,t:],R™) C([0,t2—t],R™)

n n tn
/ W“;\}@t lhll o 2 (dwn)h(wl,wQ, Ce Wh)

an anm

/ f(W) 3 :]U\L(p,s 771 /WM ©ot, »5 t1 dwl /WL](\J} 9251152 s,ta—t1 (de) <o

C([O,S],Rm)l 0 S Rm t1 O 5 Rm ta—t1

/ Wﬁwlt noi i 2) (dwp) fwr, w2, wy)

nltn
([0,s],Rm)tn—tn—1

(16)

The measure Wﬁ% sp, 18 well-defined. To show this we should check that every
function ¢, 4, is such that ¢y 4 (0) = 0, which obviously holds, and every
function w;(t; —t;—1) is such that w;(t; —t;—1)(0) € M. Check the last assertion.
We have
wi(t1)(0) = w(t1)(0) = = + @(t1) € M;
wa(tz — £1)(0) = wi(t1)(0) + iy, (t2 — 1)
=z + ¢(t1) + @(t2) — p(t1) = v + ¢(t2) € M;

wi(ti —ti-1)(0) = wi—1(ticy — ti2)(0) + @py,, (i — tic1) = 2+ 0(t;) € M.

12



4 The third step of construction W7,

Now we change the roles of s and ¢ so that s will be a time parameter and ¢ will
be a variable of a function from the state space. Since s is the time parameter
we rewrite the process Wy, o as Wﬁf The function = + ¢ is the value of
the process at the moment 0. In the following it will be rather convenient to
consider that ¢(0) = x and denote the above process as W]‘fm. The distribution

of the process Wy, & we denote by Wy,

Let Py = {sp =0 < s1,... < sp = 1} be a partition of the interval [0, 1].
The time parameter during the following construction is the parameter s. We
define a measure Wy, » » by

T w1ls1
/f M,Pl 7)2 dw /WMsl,Pl dWl /%Wj\452 81,7)1 dCUQ) .« ..

01 Rm 01 Rm 01 Rm 59—51

/ Wﬁ;jffg;jjﬁf)(dwn) Flwon . w) |
C([0,1],Rm)*n =501

(17)

THEOREM 1. For every x € M, as the meshes of P1 and P, tend to zero,
the sequence of measures Wy, p p converges weakly relative to the family of
cylinder functions to the measure W3,. The measure W3, being considered as
a distribution of a process with values in C([0,1], M), possesses the transition
density at the moment t which coincides with the distribution of a multiple
Brownian motion on the manifold M with parameter t starting at the point x.

Proof. Consider the integral

/ 9(w) Wiy sa(d) |

C([0,t],R™)

where z € M, ¢¥(0) = 0 and the function g is such that there exists a function

13



g: R™ — R and g(w) = g(w(t)). From (2) it follows that

f g(w) H{w:w(t)eUs(M)}(w) me(dw)
C([0,t],R™)

/ (@) Wigp,s¢(dw) = lim W2 {w: w(t) € U(M)}

C([0.,R™)
I 9w+ ) L wwen. (W + 1) WG (dw)
oy C0IE)

e—0 WG Jw: w(t) e U(M) —(t)}

I 9(0) Lewmen. oy (@)Wt (dw)
C([0,t],R™)
e—0 WZW {w: w(t) e U.(M)}

[ §(x1)W§:¢( Vo 7Y (day)
U.(M)

= lim
e—0 W(Z)ﬁw(t) o 7Tt_1 (UE(M))

|21 —2— ®?
fe i glan) A (da)

f e |z1— ZQth() A (dxl)
M
(18)

Now we pass to the calculation of the integral (17). It suffices to prove its
convergence when the function f is such that f(w) = f(w(s)) for some function
f:C([0,1],R™) — R. We have

[ 16 Wy, (00) = [ ) Wy o ) = [ Fw) Wy, ().
o([0,5],Rm)! o([0,1],R™) o([0,1],R™)
From this we get

/f ﬂvlpl’lp dw /WMS 1 © 7T dwl) /W%,SQ—SbPl ﬂ-Sg $1 (de) s

([0,1],R™) ([0,1],R™) C([0,1],R™)

/Wl]l\)fsjl_sn 1P1 7TS_nl_sn—l(d/u]n)]‘E(u}n)

/WM51P dwl \/W%SQ_S] Pl(dw2)

([0,1],R™) ([0,1],R™)
Wn—2 Wy —1 I
/WM Sp—1—"5n—2, 7)1 dwn 1 /WM Sn—Sn—1,P1 dwn)f(wn)
([0,1],R™) ([0,1],R™)

14



Let us first assume that the function f is such that there exist a function
p : R™ — R and numbers t,s € [0,1] such that f(w) = p(w(t,s)). Taking
into account that each of these integrals has the form (18) we obtain that
fC([O,l],Rm) f(W)W3, 5 p,(dw) has the following form:

2
\1:1—1'\2 _ |Tn—1—2n—2] |In*xn71|2
T 2As At 2A51 Aty _ T T 2As{At
f e 28s18t gy f e 181 dx, 4 f e 18t dx
M M n M n
_ ‘531_9”‘2 T _‘ivz—1_$n—2|2 |5”n_In—1|2
24514t 1 7 - T
fM e s1At dl’l fM e 2As1At, 1 dxn—l fM e 2As1 At dajn
2
_\y17z1|2 7‘yn—1*y;zA—27A$n—1+zn—2‘ _|y'n—yn71—$n+$n71|2
2As9 At S9 ALy, 2As9 At
Jy€ =rudyr [y e 2o dyn—1 [y € e dyn
— 2 o o o _ 2 _ 2
_\yAerl _|On—1-Yn—2—2n_1+zn_2l _lon—yp—1-zntz,_q|
2As9 At 2/ 2As9At,, _ 7l 2Aso At 7/
fM (& 241] dy]_ fM e 28tn—1 dyn—l fM e 2AQtn dyn
__lug—z Jun—1—Uup_p—zp_1+zn_al? lun—up_1—2n+z,_1|>
2As),_1 Aty f 2As,_1At,_1 f 285, _1Atn
fM e duq A € dun—1 Jy, € du,,
— E1721L2 d o — Ian—17“n—27zn—1+zn—2‘2 _ |an*un—17"‘7n+zn—1‘2
2As; 1At T 2As At 77 2As At ]
f e k=124 dlqg4 e k—18tn—1 du e k—14tn du
M M n—1 M n
N 7u1|2 _ ‘“n—l_”n—2_un—1+“n—2‘2 _ |'“7’L_Un—1_“71+un—1|2
fM e QASkAtl dvl fM e 2ASkAtn_1 dvn—l fM e 2ASk,Atn p(vn)dvn
_ ‘771_“1|2 T _ ‘En—l_'“n—2_un—1+un—2‘2 _ [on—vp 1 —un+up_j |2
2As, At 7 7y 7
fM e Sk 1 d,U]_ fM e QASkAtn_l d'Un_l fM e 2Ask,Atn d/Un

where At; =t; —t;_1, As; = s; — s;_1. Denote this integral by I(P1, P2, f). Let
the constant K be such that ||p|| < K. Then all the integrals in I(Py, Ps, f)
and the integral I(Py, Ps, f) are bounded by the same constant. Without loss
of generality we can assume that Ay (M) = 1.

LEMMA 2. I(Py, P, f) converges to e 22V f as the meshes |Pyi| and [P, tend
to zero.

Proof. First we prove the lemma for such functions p that e~ 28m p can be pre-
sented by the converging exponential series for all ¢ > 0. According to the
book [16], the set of all such functions is dense in C(M,R). If the lemma is
proved for such functions then, by the Banach-Steinhaus theorem, the state-
ment of the lemma holds for all p € C(M,R).

Consider first the bottom line of the integral I(Py,Ps,p) for ui, ..., uy,
satisfying the assumption |u; — u;—1| < (|P2|At;)*, a > 0. We will apply the
asymptotic (11) from Proposition 2. We chose the number N so that (|P])*" <
Ask|Pa|*. Show for example, the applying of the asymptotic of the most right
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integral.

_ lvn—vp—1—untup_1 ‘2
fM e QASkAtn p(vn)dvn

|on—vp_1—untup_1 |2

fM ei QASk.Atn d@n

= p(vn—l + (un - un—l)lj\}_l)

AspAt, o
- kTAMp(Unl + (un - un—l)]&7 )
+ R(vp—1, Uy — Up—1) p(Un—1 + (Un — Up1)35 ")
+ AspAt, Ro(Asp Aty [ Pal, vn_1, Up — Up—1),

Further we will integrate only the first three terms in this expression, since
by Proposition 2 |Ra(AspAty, |Pal, vn_1,un — up_1)| < K(P2At,)* where K
is a constant. For each term of the form (As;) At ... At;,, iy > -+ > i) we
define the coefficient depending on w4, ..., u,, which appears after applying the
asymptotic (11). For convenience of presenting these coefficients we introduce
the following notations. Let y € M.

nh=Y,
Yo =t + (w1 — wi)y,
ys = ya + (u; — Ui—l)%,

Yn—i+1 = Yn—i + (un - un—l):]g\z_i-

Further, if ¢ is a function on M, then define g(,,,,,), (y) by formula

g(unui+1)M (y) = g(yn—i—i—l)-

First we calculate the terms of the order not exceeding the order one.

n—1
AspAt, AspAt,,_;
p(u,) — TAMP(UH) - Z TAMp(unun—iH)M (Un—i).
=1

Then calculate the coefficient of the term of the form (As;)!At;, ... At;,, iy >

%AM(. (Bpn ) (i) (19)

(iy Wig1) 0 )(Uz Uiy 1) M
172 -1 l

Now calculate the terms appearing due to the presence of the factor R (v,_1, u,—
u,—1). Note that all the terms containing either summands of the form (12) or
sums of products of expressions of the form (12), after applying the integrals of
the last line contain an expression of the form (u;+; — u;)'’. Note that (w41 —
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u;)"" = 0, and hence, such terms are equal to zero. Thus, we present R(v,_1, u,—

Up—1) in the from
R(Unfla Up — unfl) - (AMZ(Unfl + (un - un—l)?\?fil)a (un — unfl)T71)2
+ 723(1}71—17 Up — un—l)

where

RS(Un—la Up — un—l)

N
=3 5Tk) T D3O (= ) ) (vt + (it — )i ).
n=3

L4t y=n

Applying the operator Ay; to R3(v,_1, un — uy—1) always contains an expression
(ty, — up—1)"" of the order |Py|®. Besides that the operator Ay appears with
the factor AspAt,_1. This summand will be included in the rest term which is
estimated from above by K AspAt,_1|P2|* where K is a constant. Applying the
asymptotic to the second integral from the end gives the term Rs3(v,_o, up_1 —
Un—2). The next applying of the operator A, to this term gives another term
which can be estimated from above by KAs;At, o|Ps|®, and so on.
Show that

|Anr(Aprr(vn—1 + (uy — un—l)qﬁ_l)a (wn — un—l)in_l)Q‘ < Klup — up1|

where the first from the left operator Aj; is applied to the function of the
variable v, 1, K is a constant. First consider the case v, 1 # u,_1. First find
Aps(up —uy—1) """ differentiating in v,_1. Find geodesics 7;(t) starting from the
point v, and such that +/(0) build an orthonormal basis in the space tangent
to M at the point v,,_1. To show that

25 Ban(3(t) + (= w0, (= 0 0) YO g < Kt = 0,
it suffices to prove that
d %i(t)

Indeed, it is easy to notice that in the case v,_1 # u,_1, (U, — unfl)qffl has the
form

(tn = tn 1) T = Bt = 1 g (1))
where k(t) is the scalar function which is not bigger than 1 and has a bounded

derivative, ny/(x) is a unit vector in the space normal to M at the point x. From
this it can be observed that the derivative at zero is proportional to |u, —u,_1],

and hence (20) holds.
17



Further we prove that

[ A (Anre(vn-1 + (U — up—1)y; ), (un — un—l)T_l)2|vn_1=un_1| < Klup — un-1l.

Consider tangent spaces 1), , and T;, at the points w,_; and w, respectively. In
each of these tangent spaces we consider the space parallel to the intersection of
T, , and T;, . These subspaces have codimension 1in 7, _, and 7}, respectively.
Denote these subspaces by T,  and T, respectively. At the points u, ; and

n—1

1
u, we choose geodesics 7;' " and ;' such that the vectors of their derivatives at
zero build orthonormal bases in the spaces T, , and T, respectively, so that
the first d — 1 vectors of the bases are in the spaces T,, and T, respectively
(the tangent spaces have the dimension d). As before we have to show (20).
Consider the two dimensional curve which is the intersection of the manifold

M with the plane spanned on the vectors (v ')'(0) and u,, — u,,_1. We see that

n—1liy . n— :
2wy — tp1) ()‘t:(): 0 for i = 1,...,d — 1. The vector eq = (7 1)(0) is
orthogonal to TQ’MH. Let P be the intersection point of the line u,,_; + te; with
T, ,NT, . Set the line from the point P to the point u,. We got the triangle
A(up—1, P, uy). All the sines of acute angles are proportional to u, —u,_1. From

the geometrical consideration it follows that |(u,, — un,l)f(t)\ < K t|up — up-1],
K is a constant, which proves (20).

Thus, under the assumption that |u; 1 — u;| < (At;|P2|)® we obtained the
general term of the series which appears after applying the last line in the
integral I(p, Py, Ps) (the coefficient (19) multiplied by (Asg)!At;, ... Aty i >
-++ > 1), and proved that the remaining term does not exceed

Kt Asy [Po]®|Py]® (21)

where K is a constant.

Starting from the first line in the integral I(p, Py, Ps), we will replace in-
tegration over the whole manifold by integration over sufficiently small neigh-
borhoods in the manifold. Then, we will pass to the iterative limit: first to the
limit as |P;| — 0, and then to the limit as |P| — 0. Describe the choice of
the neighborhoods mentioned above. Chose 0 < a < & < i, Aa = & — a.

2
lzi—my
[y e 2258t h(x;)da;

23—z 112

Jare PEE
in the first line we replace the integration over the whole manifold with the
integration over the neighborhood U, ,(|P2|*(At;)?) of the point z; 1 of radius
|P5|%(At;)%. Here h denotes the general form a function to which we apply the
above integral operator (in our situation this function is a sequence of integrals
applied to the function p).

In the integral of the form which stays at the ¢th position

18



We have

1 _lmi—wial? C S S

. / e 2As1At; h(ﬂ?l) d.fCZ < ~ e (Asyay)t=2a

(QWAslAtZ')E ) N (27-‘-A31Ati)§
M\Uwifl(‘,PQ‘a(Ati)a)

where the constant C' is such that |p(y)| < C for all y € M (and hence, the
functions under the integral sign of each integral in I(p, P;,P>) are bounded
by the same constant); as we have mentioned above A(M) = 1 without loss of
generality. By Corollary 1 for sufficiently small mesh of the partition P;, we get

2
wg—ai g

[ e EasE h(wy) da;

MU (o (A7) c
— 3 < - € (AsyAty)t—=e

_ izl N

fM e 2253 (7, (27TA81AtZ)2

Thus, each ith integral of the first line we replace with the integral of the form

e )?
[ e 2masu h(xy) day
U$i71(|P2|&(Ati>&)

lmmw g

fM e 2As1 At d.i.z

where the general form of the function h is described above. Further, for the
ith integral of the second line we have |z; — z;_1| < |P2|®(At;)®. Choose a
neighborhood Uy, | (224P,|%(At;)*) C M of the point y;_; such that for all
points y; of this neighborhood the estimate |y; — yi_1| < 22%|Ps|%(At;)® holds.
We have

Yi — yic1 — (2 — i1)| > |y — yia| — |2 — 2ia| > (259 — 1) Po|*(AL)°

Taking into account this inequality and Proposition 2, similar to the above
estimate we get

_ lyi —yi—1—witzi_1]?
2As9At; i . . 5
S, e2epiean © : h(yi) dyi C e

|9;— ;1 —xi+a;_1|2 < 2 A A y G_W )
e S AN TYAN A P
fM e 2Asy AL, dyi ( 5 z)

We continue choosing neighborhoods in this way, finally we will consider the 7th
integral of the last line for the points u; and w;_1 of the form |u; — u; 1| < (k —
1)AY Py % (At) < |Py|*(At;)® where the last inequality holds for a sufficiently
small mesh of the partition |P;|, so that (k|Ps|At;)2 < 1.

Further staring from the last integral in the last line, we apply the asymp-
totic (11) from Proposition 2, as we described it above.
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Now consider the second from the bottom line of the integral operators. As
before, for a sufficiently small mesh of the partition P; we can take |z; — z;_1| <
(At; |P2])?) for all 7. We will act with the sequence of the integral operators on
each term obtained after decomposition of the last line, except the rest term.
Here we apply the asymptotic decomposition of Proposition 2. Applying the
first £k — 1 lines to the rest term of the last line gives a new rest term which
can be also estimated by (21). For this reason we exclude this term from our
consideration. Further, we act with the third from the bottom line of integral
operators on the terms obtained from the two bottom lines, and so on. At the
end we apply the integral operators of the first line. Thus, we get an asymptotic
decomposition of the integral I(Py,Ps,p). Calculate the general term of this
decomposition (up to the sign):

(Ask)loAtil T Atilo (Aslﬁ)llAtjl T Atjll T (Asks)lsAtﬂu T Atmzs

2lo+l1+"'+ls

(A @) (@)@ () )

’ y‘9_1:$)

Here [; > 0,i=1,...,5, k > k1 > --- > kg, the index (yf) on the top means
that the operator A}, is applied to the function of the variable y/, y* = x means

that y; = x for all j. For an arbitrary function ¢ defined on M, 5~ (,,),, means

O3 (wi)ar (Y) = @y + (w1)h, + (wg)ﬁ;(wl)% + .-+ ), where w; are sufficiently small

so that s (u,),, is defined correctly. Calculation of (22) in local coordinates

i) M

fixed in a neighborhood of the point x gives

lo

e .. -

y0=x> Zz(yf_x)M

(Asp) AL, - - Aty (Asy, )T AL, - - At -+ (Asg,)" Dby, - - At
Qlo+l+-+ls

mig Aé%rllerJrlS (QT)

Compare the decomposition of I(Py, Ps, ) with the decomposition of

t Asq At Asp. Atp
—5AMm =5 HAu AN

e =e --e :

if we apply the asymptotic R T % Aur + O((As;At;)2) subse-
quently to each exponent started from the right. Up to the terms tending to
zero as |Py| — 0, |P2| — 0, the decompositions coincide.

Due to the symmetry of the integral I(Py, Py, p) we can first take the limit
in n with the fixed k, and then the limit in £. The both iterative limits coinside
and equal to e~ 22v . Hence, as |P1| — 0, |P2| — 0, there exist a double limit
and equal to ezl ]
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If the function f is such that f(w) = p(w(%,3)), where t < t, 5 < s,

/ @)W () = I(p, Py, Pa) + 820, — 15— 5,)
C([0,1),R™)

where s, and t, are partition points of P; and P, such that € (t,,t.i1),
5 € (Sp, Sny1)- If 0 is an arbitrary sufficiently small number, then for sufficiently
small meshes of P; and P, the inequality |6(z, (f — t,,5 — 5,))| < o holds.
For a function f depending on w in several points, say in points & € [0, s]
7; € [0,¢], the form of the integral I(P;, P2, p) is the same and the convergence
can be provedAaglalogously. The integral converges to a product of operators
of the form e_yAM , each operator acts on the corresponding variable of the
function p, defined as f(w) = p(wi1(&1,711), ..., wr(&, 7)), where w;; is defined
on [0,& — &-1] x [0,7; — 7j_1] by the formula w;;(s,t) = w(&§-1 + s, 7j-1 + 1).
The theorem is proved. ]

COROLLARY 2. Let M be a compact Lie group. Then W7, being considered
as a process with values in C([0,1], M), coincides with a C([0,1], M)-valued
Brownian motion defined in [7].

Proof. The proof follows from Theorem 1 and Theorem 2.15 from the paper [11].
Indeed, Theorem 2.15 from the paper [11] together with Theorem 1 imply the
coincidence of the finite dimensional distributions of the process W{, and the
C(]0,1], M)-valued Brownian motion defined in [7]. Indeed, according to The-
orem 2.15 from the paper [11] for the process defined in [7] the following state-
ment holds: for each fixed s it is a multiple Brownian motion on M with the
parameter s. The coincidence of the finite distributions follows now from a for-
mula in the book [9] on the page 204. Thus, the distributions of the processes
coincide on the algebra of cylindric subsets of the space C(]0, 1], (C([0,1], M)),
where in C'([0, 1], M) we also fix the algebra of cylindric subsets. This implies the
o-additivity of the measure W7, since the distribution of the Brownian motion
defined in [7] is a o-additive measure. Thus, W7, is defined on the o-algebra of
all Borelean subsets of the space C'([0, 1], C([0, 1], M)), o-additive and coincides
with the distribution of a Brownian motion from the paper [7]. O
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